Engineering Electromagnetics

W. H. Hayt, Jr. and J. A. Buck

Chapter 1:
Vector Analysis
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1.1 Scalars and Vectors

» Scalar : magnitude or quantity

» Complex scalar (or phasor): a set of scalar

Ex.] M2, R+ X

» Vector : identity having magnitudes and directions in the n-
dimensional spaces
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1.2 Vector Algebra

1.2.1 Addition and Subtraction
* The addition of vectors follows the parallelogram law.

__ direction B

(
magni%—

Communicative Law: A + B=B + A

Associative Law: A + (ﬁ + E) — (Z + 1_3)) +C
Subtraction: 4 — B =4 + (;f{)

Inverse of direction
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1.2.2 Multiplication and Division

* Multiplication of vectors by scalar
Distributive Law: (r +s)(A+B)=r(A+B) + s(A + B)

=rﬁ)+r§+sz+3§

= Division of vector by a scalar

—

A 12
—=_A
r T

N}
|
)
|
=

= Equal: A=B or
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1.3 Rectangular Coordinate System

Right-handed coordinate system: Three coordinate axes are
located mutually at right angle to each other.

XxX—>y—oz—ox— ") 3 p
(Ex.] Fleming’s right hand rule) f

‘ : 2_%215_

= 7149
x =0 plane ’
y = 0 plane o
Origin
e >

z=0 plane
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Point Locations in Rectangular Coordinates

Ex.] (x1, y1, 21) 2 X — X,V T V2T 4

L
#
it

."""F—P(l 5253)

0@,-21)
N arars
S S S
e
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Difterential Elements

Differential lengths: dx, dy, dz
dlyy =+ (dx)2+(dy)?+(dz)?

Differential areas: dS = dxdy, dydz, dzdx

Differential volume:
dv = dxdydz

A

Volume = dx dy dz

dx dy dz
Pi

dy dz dx dz
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1.4 Vector Components and Unit Vectors

Orthogonal Vector Components

xly, ylz, zZ.1lX

r=x+y+z z
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Unit vector : A vector having unit magnitude directed along
the direction of the arbitrary vector

Ex.] a,, Ay, Az Ay, €tc,.

e 2l AN |

Y
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* Vector representation in terms of orthogonal rectangular components

N

‘_..--""'__ P(l, 2, 3)

//// rpi
Q(2,—2,1)f4 e |
/I/ S S S S

Ryp =19 —rp = (2— Da, + (=2 —2)a, + (1 — 3)a,



" Vector expressions in rectangular coordinates

General vector, B:

Magnitude of B:

Unit vector 1n the
direction of B:

B=B,a,+B,a,+B.a,

B| = /B2 + B+ B’

B B

B = —_— —
B

\/B)%—I—B)%—I—BZQ B

a




aG

Example

Specity the unit vector extending from the origin
toward the point G(2, —2, —1)

G =2a, —2a, —a,

Gl = V(22 + (=22 +(—1)2 =3

G

=Gl = 2a, — 2a, — 1a, = 0.667a, — 0.667a, — 0.333a,
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1.5 Vector Field

We are accustomed to thinking of a specific vector:

V = vya, + vya, +v;a;

A vector field is a function defined in space that has magnitude
and direction at all points:

v(r) = vy(rja, +v,(ra, + v (ra;

where r = (x, y, z)



1.6 The Dot Product (or Scalar Product)

A-B=|A||B|cosbOyp

= ‘EHE)‘COS(_OBA) = ‘ﬁl‘zlcos(gfm)=§ . X

Commutative Law: | A-B=B-A

—_ — — 11— — 2
A- A = |A||A|cos(0) = |A]
a-a = |allalcos(0) =1

A-d = |A||d|cos(0,,) = |A|cos(644)

(Z : ?i)?i = {ﬁ‘ |d|cos(04,)}a = ‘71)|cos(9Aa) a



" (Vector) Projection using the dot product : Finding the magnitude
component of a vector in given direction

'\‘\,IGBa
| h'-— . O . O —— — — — — ——
L. A
Y
B-a
B ¢ a gives theComponent of B (B + a) a gives'the vector component -
in the horizontal direction % (of B jn the horizontal direction
: 3
| a

Magnitude of B in direction of @



Operational Use of the Dot Product

(A
Given <

B

-

—

= A,a, +Aya, + A a;

= Bya, + Bya, + B.a,

Find 4-B = (A,a; + A,a, + A,a;) - (B,a, + B,a, + B,a,)
= AxBxa,; . Clx> + AxByayg : a3;+ AszaJcf ) az>

+A,Bya,-a,tA,Bya, - -a,+A,B,a,-a,

+A,Bya; - a,t+A,Bya,-a,t+A,B,a,-a,

= A,B, + A,B,+ A,B,

where

_
a,-a, —a,-a; —a;-a, =0

ax'ax:ay'ay:az'azzl

S

Note also:

A-A=A>=|A)




1.7 Cross Product (or Vector Product)

AXBZEQV;JA| |IB| sin 64 p M %IAI' 0/
\\ 0 sin
? B|

right-handed screw direction

Since sin@4p = —sinBOpgy,
A
fa b5 LB
AXB —‘AHB‘sm Op4 AN leB
—-‘BHA‘SIH Oga Ay
=-(B x 4)
AxB IAISlnBAB‘B‘ € Vector E:th; :_j!z'l %._:cs DI_;)I_—Ilp_l



1.7.2 Operational Definition of the Cross Product

A x B = (A,a, + Aja,+ A,a;) X (Bya; + Bya,+ B,a,
=A,B,a, X ay+ A,Bya, X a, + A,B,a, X a,

A,B,a, xa,+ A Bya, xa,+ A,B.a, X a;
+A,B.a, xa, +A,Bya, xa, +A,B;a, xa;,
+ A Bya, xa, + A Bya, xa, + A B.a; xa,

where ar X a, =a, a, xa, =a, a; X a, = a,

Therefore:

A xB=(A,B. — A,By)a, + (A.By — A,B.)a, + (A, B, — A, B,)a.

Or... AxB=|A, A, A,




1.8 (Circular) Cylindrical Coordinates

= Point P has coordinately specified by P(p, ¢, z).
* Right-handed coordinate

. P> >Z > p >

z = a constant




* Orthogonal unit vectors in cylindrical coordinates

(P1:P1521)
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Differential elements in Cylindrical Coordinates

= Daifferential lengths: dp, pd¢, dz

» Differential areas: dS = pdpdo, pdodz, dzdp
A

=  Differential volume:
A h"'*::,_-____‘_
dv = pdpdpdz S e dp
R Wil T
z+ dz S
z "y '« dz
P
Y Y — : | \i\ d > )
pd¢ ¢’ Ny :Hﬁ“ﬁl l p (.b

P ¢ +do PL;%-
d¢ p+dp/
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Relation between Cartesian and cylindrical Coordinates

¢ = tan 1Y 7
P X
L= p sin ¢
sin
psing = tang¢ = 4
pcose X

X = pCOS @
y = psing

&L= L

Ex.]x=-3,y=4 — 2" quadrature plane p =5, ¢ = 180° — 53.1° = 126.9°
x=13,y=-4 — 4% quadrature plane p =5, ¢ = —53.1°
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Relation between Cartesian and cylindrical Coordinates
A= Aya; + Aya+ Aa,=Aya, + Agagt Aa,

where
A, = A ap = (A, a, + Ayay+A a,) - ap
=A,a, - ap+Ayay ap

Ay =A-az=Aa,-az+Aya,-a,

A, =A-a, = (A a, + Aya,+ A,a a,)-a,
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a,-a, = cos¢

a,; - ay’ = cos(90° — ¢) = sin ¢

—cos(90° — ¢p) = —sin ¢
sin(90° — ¢) = cosg
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Table 1.1 Dot Products of Unit Vectors 1n
Cylindrical and Rectangular Coordinate Systems

a, ag a,
ay cos ¢ —sin @ 0
ay sin @ COS ¢ 0
a, 0 0 1
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Example

Transform the vector,
B = ya, — xa, + za;

into cylindrical coordinates:

1-26



Transform the vector,
B = ya, — xa, + za;

into cylindrical coordinates:

Start with:

B,=B-a,=y(a,-a,) —x(a,-a,)

By =B-ay, = y(a,-ay) — x(a,-ay)
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Then:

Transform the vector,
B = ya, — xa, + za;

into cylindrical coordinates:

B,=B-a,=y(a,-a,) —x(a,-a,)

by

= yCOS¢® —xsing = psin¢g cos¢ — pcosgsing =0

B-ay; = y(a,-a;) — x(a,-ay)

—ySsing — x Cos ¢ = —psinch—pcosqu = —p
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Transform the vector,
B = ya, — xa, + za;

into cylindrical coordinates:

Finally:

B,=B-a, =y(a,-a,) —x(a,-a,)
= yCOS¢® —xsing = psin¢g cos¢ — pcosgsing =0
By =B-ay, = y(a,-ay) — x(a,-ay)

= —ysing —xcos¢p = —psin®¢ — pcos’p = —p

B = —pPayp + za,
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1.9 Spherical Coordinate System

= Point P has coordinately specified by P(r, 6, ¢).

» Right-handed coordinate r—->0-¢ -r - -
A
/ T\THE\\
// \\\ b
i b \\
/ 0\ \
/ P \
/ \ \
/ t\ \
/ ro \
/ | /.
[ o n 7 J
| P /
\\ /
J qb \\j ./’j/
| -

- —
— — — —
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Constant Coordinate Surfaces 1n Spherical
Coordinates

6 = a constant
(cone)

— ¢ = aconstant
(plane)

¥ = a constant
* (sphere)
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Unit Vector Components 1in Spherical Coordinates

a. X ag=ay, Ay Xayp=a,, agXa,=ay

e = by

\
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Differential Elements in Spherical Coordinates

= Daifferential lengths: dr, rd0, rsintdg¢
< (r+ dr)dO = rd0, (r+dr)sinfd¢ = rsinfd¢

= Differential areas: dS = rdrd0, rsinOdrds, |
sin0d0ds

= Differential volume: N
dv = r’sinfdrd6 d¢ 0

|
\)/
L
T e {
wS===-1 > )

B
B

N sin 0 do



o g
// N \\\ A A
fi \\ \ Z
SOoNGe N T 4 rsind
// r \'\ \‘ rcost B | rsinfsing |
i " vy o |
I S A G I > e l >
’ :‘;j// x ' orsmf Y Z rsinfcosd
r sin 6 cos ¢ r=x2+y2+ 22 (r > 0)
. . _ Z
= rsinf sin ¢ 0 = cos '\/2 — (0" =<0 < 180"
X“+y +z
r cos6 3
O = tan~' =
X
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A = A.a, + Ayay+ Aa,= Aya; + Agag+ Agag

a, ' d,

a,-a,

a, - - a,

sin@ (cos¢pa, +sinpa,)-a, =sin6 cos ¢

sin@ (cos¢a, +singa,)-a,

cos@a, - a, = cosO

Length on xy-plane

sin 0 sin ¢

Qg - a, = cos B cos g

ag - a, = cos B sin¢

ay - a, = —cos(90° — 8) = -sinf

ag - Ay, Ay - Ay, Ay - Ay Table 1.1
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Table 1.2 Dot Products of Unit Vectors in the
Spherical and Rectangular Coordinate

Systems
a, ay ag
a,- sin & cos ¢ cos & cos ¢ — sin ¢
ay- sin & sin ¢ cos  sin ¢ COS @

a,- cos 6 — sin 6 0
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Example: Vector Component Transformation

Transform the field, G = (xz/y)a,, into spherical coordinates and components

G, =G-a, = x_zax -a, — x—zsinecosqb T sin 6 cos ¢xr cos 0 X sin @ cos ¢
y y T sin @ sin ¢
_ cos’ ¢
= rsinf cos 6 —
sin ¢
xg Xz rSsin @ cos o Xrcos O
Gy =G-ayg = —a,-ag = —cosfcos¢p = . qb XCOSBCOS¢
y y r sin 0 sin ¢
2
:rcoszﬂa?s ¢
sin ¢
Xz Xz, . r sin @ cos ¢ Xr cos 0 ;
Gp =G-ay = —a,-ay = —(—sing) = X (— SIn
y y r sin @ sin ¢ ( (P)
= —rcosfcos¢o

G =rcosfcos¢ (sinf cotp a, + cost cote ag — ay)
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