Engineering Electromagnetics

W.H. Hayt, Jr. and J. A. Buck

Chapter 2

Coulomb’s Law and Electric Field Intensity
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2.1 Coulomb’s Experimental Law

* Assumption: “Static (or time-invariant) electric field”

* Force of repulsion, £, occurs when charges have the same sign.
Charges attract when of opposite sign.

0, O,
— @ R ® — F
F :leQz where k = :

R? 471’6()
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* Free space permittivity

p . | -9
€g =8.854 x 10T =——10"" F/m
367

with which the Coulomb force becomes:

— 010> =>» Scalar,
A e R? Not vector




» F, : Force on 0, 1n case O, and O, have the same sign.

g i1 Q102 —
2 = A | = 7 R17
4meo Ry, AmegRy,
Ri» Ry, I, — I
312 = = =
Rzl Rz [rp— 1y F,
R, 0,
412 r
0
r _

"__}‘;’v_ Qle ~ . Q1Q2 a ®
1 2 12 Origin

2-4



Ex.] 0, =3x10"*C @(1,2,3), 0,=-10"C @(2,0,5)

a. —2ay +2a, 1

i = =—(da.—2a +2a)
v N1+4+4 3 !
. (3x107)-(-107") G, -2a,+2a. __ (&, -2d,+2a.
}72: 1 :(\7/80 Y N
477 x x107° x9 3
367

=104, +20d, —20d, [N]

» The force on a charge in the presence of several other charges
1s the sum of the forces on a charge due to each of the other
charges acting alone. (Superposition Theorem)




2.2 Electric Field Intensity

= Consider the force acting on a test charge, Q,, arising from

charge QO;:
@ ZMW;-na
Ql Qt /.
a

Fz — ¢
'-fi;red

T 2

where a_, : unit vector directed from Q, to Q,

= Electric field intensity : Force per unit test charge

— _ F|l_ Q1 —_ Q4 ’
Et — A | 2 1t 3 th
Qt| A4TEQRT: ATEN Rt

= A more convenient unit for electric field 1s V/m, as will be shown.
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Electric Field of a Charge Off-Origin

0 r—r O(r —r)

E r — —
) dreglr — Y2 Ir — 1|  4dmeglr — 1|3
_ Qlx — xNa, + (y —y)a, + (z — 2)a,]
drepl(x — x')? +(y —y)?> +(z — )2 E

4 P(x,y, z)
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Electric Field of a Charge at Origin

= ()is at the origin and a test charge (1 C) 1s at (x, y, z).

R=r=xa,+ya,6 +za,

R=r-r ' Px,y,2)
. . Xxa,tya,6 +za,
a, =a, = 0
2 2 2 &Ly, 2) N
X“+y +z :
rf
®
Origin
- X . - 4
E = O a Y a

4 2 2 2 2 2 2 x 2 2 2 y Tt 2 2 2
e, (X" +y" +27) \/x +y 4z \/x +y 4z \/x +y 4z

a

ZJ
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Superposition of Fields from Two Point Charges
Q) 0>

E(r) = ~a; + -2,
dmeglr — 1| dmeglr — 1o
_______________ 0,
, i
| For n charges:
// k2 l
/ ror, | R 0
| E(r)=) - a,,
=1 l 2
0, : B a, : m=1 47T€0|r T rm'
| r r N @ @ E, -
j a, |
\ E, ———-——Soifil . _
| E(r) * Assumption : Individual charge must be

independent to each other.
=» Superposition theorem
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Example

» 3nC @ P,(1, 1,0), Py(-1, 1, 0), Py(-1, -1, 0), P,(1, -1, 0)

E=9 @P(1,1,1)

Find E at P, using

n

Iﬂ(r) — :E:: £2n1 -

m
= Amep|r — 1y

First, find the vectors:

P3 (_17_17 0)/.\=.;

r—r,;

A

P, 1,1)

P,(-1,1,0)
———— =

r l'2 <

R =r—-n=a, R,=r—r, =
Ry=r—-r=2a,+2a, +a, R,=r—r =

2a_+a
2ay+a
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Example (continued)

Q/4mey =3 x 1077 /(4w x 8.854 x 1071%) = 26.96[V - m]

- 4 Q 1 . Q 4 1 o
m=141E) R;, e, m=1Ry,

a. 1 2a, +a, 1 2a, +2a, +a; |1 2a, + a,

1

E = 26.96 — + + +
[ 112 NE] (ﬁ)z 3 32 NG

= 0.82a, +0.82a, + 32.8a; V/m

(V3)

|
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2.3 Field arising from a Continuous Volume
Charge Distribution

2.3.1 Volume Charge Density Definition

* Volume charge density (o, [C/m?]): Distribution of very small
particles with a smooth continuous distribution

* Small amount of charge AQ within a small volume Av :

AQ dQ

AQ = p Av = lim — | = =

Q Py > P Av—0 Ay dv

= Total charge: | O = [ PudV_| s ~
vol N :“ dv = dxdydz, E

) pdpddpdz |

—_——_—— e e e —— — —
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Ex. 2-3] Find the charge contained within a 2-cm length of the
electron beam shown below.

* Charge density : p, =—5¢""" Z[uC/ m’ |
= —5x10° x e |[C/m’]

0.04 (27 0.0l 6 10°p2
J- I (—5><1() X e )pdpd¢dz
002 -
0.04 £0.01 10
I ( 10”7z xe )pdpdz 2= 4em
0.02 |
: =—5 H)/ C/ 3
Z:OO4 | -~ Py e po/m
0.01 10> 5 §
o 10 e
- j |: 5 pzp:| dp E | ) ,
[ z=2cm

Y
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_ J‘Oo-m (1070 77)(e 4000 _ 2000 11y — IOO‘OI(_IO—IO ) (72000 _ =0y g

_ (_1 0_107[\ B DAl 7Hs
1 (~2000) (~4000) |,
B 0 40
=(~10"7, o : AN, } e %0368

“122000) —2000  (~4000) " (-4000)

— 0.01
—-2000 —4000
e P e P }

z(—lOlOﬂ'{ L j:(—lolznil - lj:(—ijxm” C]
2000 4000 20 40 40
/A

= —4—0 [pC]

2-14



2.3.2 Electric Field from Volume Charge
Distributions

= The incremental contribution to the electric field intensity at 7
produced by an incremental charge AQ at 7*":

AE(I’)Z AQ . y —7' _ IOVAV (?_’7')
dre, |F=F'|° |F -7 dne,|F—7"

CE)=[ L)

o dre, |7 — 7'

I =am € Sum all contributions throughout a volume and take the
< pom-se i limit as Av approaches zero
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2.4 Line Charge Electric Field

A filamentlike distribution of volume charge density such as a very
fine and sharp beam =¥ Line charge density p, [C/m]

Straight-line charge extending along the z-axis

Move around the line charge, varying

¢ while keeping p and z
constantly.

Unit charge: dQ = p,dz'

Unit electric field intensity:

B pdz'(F-7)  pd  (F-7)
Are, |F —7F'|°  dme, |F—F'[ |F—F
.- =

where 7 =ya, = pa, r=za,

.~ =
r—r'=pa,-za,

__dQ=p;d?
0,0,2") N




' o~ ' 5
0, dz pa,-za,

SdE = 47280(,02"‘2'2)\/,024‘2'2

_ Pz’ (pﬁp _Z'le)
47, (,02 _I_Z,z)3/2

* By dE_ cancellation,

B prpdz
IR 47T€()(p2 _|_Z/2)3/2

P / > prpdz’
P o dmeg(p? 4 7/%)3/2

dE,

x 1
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" Appling j =

dx X

3/2 9
(a2+x2) a*a® + x°
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Another method
z'= pcotd
dz'
do
R=pcscl

=—pcsc’ o c.dz'=—pcsc’ 0d6

dE = PP P P yese? GO

’ Aze,R® Ane, p’csc’ o
sin @
— pL d@ — _pL d@
4re,pcscl dre,p
0
E, =- Pr jsin@dﬁz P [cosa])
dre,p o7 dre,p
S MBIl S m @oo
2re,p XOM O] fielde = HofX
M 7= fIX0 A= dHo
E = PL 22 2EH A2l gHhH[Z St
- “p HMst Y of vl )

27E P
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2.4.2 Field of an Off-Axis Line Charge

» Electric field in case of line displaced to (6,8)

PL
E= aR .
27’[60\/()( - 6)2 + (y — 8)2 \
where
(6,8, 2)
ap — 5 — (X B 6)ax + (y o 8)ay *‘YP(M},Z)
R R] \/(x — 6)% + (y — 8)2 (0/,/8,0) i )
* Finally: / i
o s Om (x,¥,0)
p_ _PL (x —6)a, + (y — 8)a,

C 2mep (x —6)2 + (y — 8)?
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2.5 Field of a Sheet Charge

» Surface charge density p[C/m?]: infinite sheet of charge having a
uniform density

* Consider the field of the infinite line charge by dividing the
infinite sheet into differential-width (dy’) strips

. oan Vo v
Z z : )

A e ) B

— | ! | : : : . 4 |

Ps dy ._ [ S "_"‘/./ ' ///(5‘/ : a '

0% < € e - 3 ;x“'.'.a.z"
R=Vx2+y'"? _,-é:. . F‘(..‘KJ °,9)
P(x, 0, 0) - : _

X A
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_ : cH& Aol o8 dey
Pr = Psdy [’S—E—% Canceling-out &. Mfz?/ %
&2
R — \/xz + y|2 % .
| % d
dy' X G A
dE 4 —C0S0 = P S dy Ghaeey
27[80\/x2+y2 ﬂgo(x + ) ) 7
— * ps'x ' ' " 2
E = —— < y'=x tanf dy'= xsec” 0d6
278, (x +y )
T 2 2 T
Py [y Xsec’O P o], =L
TTE, *— X~ sec €, ; &,
E=F5
2¢&,
e P. - : 1) charge BHO0f| normal ot
E =-—-a, (in general) 3 SF

2¢g, \Z) 2| off 22,
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2.5.3 Capacitor Model

= =9 in conditions of pg @ x =0 and -p; @ x =a

1) In the region of x> a, E, = Ps a. E =— Ps a.
2¢&, 2¢&,
©E=E +EF =0
: mo_Ps (= I N
2) In the region of x <0, E, = (— ax) E = (— ax)
2¢&, 2¢,

E=E,+E =0
fo=Lrg B ="fr(a)

3) Intheregionof 0 <x<a, E, =

+ X -
= Ps Ps E—+) 2‘90 2‘S'O
D I e W E=E +E =£5
&

0 a X
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2.6 Streamline and Sketches of Fields:

= One picture i1s worth about a thousand words if we just knew
what picture to draw. (BENTI—R)

= Flectric field due to line charge: E = Pr_g
2rg,p ”
e . . . T ) \
a) ¢ Symmetric property is not explained. / l
N

- — — _— P

A

T

) !
b) Although @ symmetry property is J I\

explained, the longest lines must be drawn ~ ,* |

in the most crowded region. '
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c) Although ¢7 symmetry property is explained, the stronger field
must be explained with the thicker line, especially at origin.

d) The spacing of the lines 1s inversely proportional to the strength
of the field.

AN T Vd !
N S ;
.__914_,_. ) a1\
N s
/ N I
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Methodology of Streamline Construction

= Sketch the field of the point charge in 2-dimension (xy-plane).

Ey_c@

E. dx

@E. =0

=» This equation will enable us to obtain the equations

of the streamlines.

-1‘
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Ex.] E PL_g & p, =27e

2nep F
1 -~ . . . .
=4, 1n cylindrical coordinate
S| - 1 L
E=—|(a,-d,)d,+(d, d,d,+(d, d,)d, |=—|cosdd,+singd, |
P P
1 X . y _
— Clx + ay
/x2 _I_yZ /x2 +y2 /x2 _I_yZ
X y oo - L. . .
=7 7 a, + 1y a,=FE.a +Ea, :inCatesian coordinate
dy_Ey_y/(x2+y2)_X o dy dx
dx E. x/(x2+y2) X y X
SIny=Inx+C or Iny=Inx+InC =InCkx.

y=Cx
If this stream line pass through P(-2, 7, 10), C=-3.5
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