Engineering Electromagnetics

W.H. Hayt Jr. and J. A. Buck

Chapter 6:

Capacitance



6.1 Capacitance Defined

* A stmple capacitor consists of two oppositely charged conductors
surrounded by a uniform dielectric.

* Charge (Q) due to incremental E (and in D): Q = yg D - dS
S

- Potential difference between conductors:

A i

Vo = — / E - dL +++ ++

B - 0 +

- Capacitance: A ratio of magnitudes of total D
. . € A
charge on either conductor to the potential =~ - delene A,

difference between conductors. - Q* L
Q §>6‘E y d§ - ’ _

C . general form - )

L]
— = o=

Voo —| E-dL [F: farad] = [C/V]
“1f O —> NQ, then D or E— ND or NE = Meaningless!!!

=>» C = f(physical dimensions of system of conductor and the permittivity of
the homogeneous dielectric)
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6.2 Parallel Plate Capacitor

- Let assume infinite parallel plate conductor with S >> d.

Conductor surface -Ps z=d
A A A
E

Uniform surface B
charge density Plate area = §

Conductor surface *Ps z=0() /

* For the region of 0 <z <d,

E 7 ( ps)(_az) ps
25 2& g

D=¢E=pa. =D,=D. =p,

= electric flux density= M MSIEEt S

(*." boundary condition between conductor and free space )
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* Electric flux density at the lower plane (@ z = 0)

D-n| =D-a =p, = D=p.a.

z=0

* Electric flux density at the upper plane (@ z = d)

—

D-n

u

z=d

* Potential difference between lower and upper planes:

elower — —

Vyo=—[""E-dl =],

Jupper

- With area of § and d (separation of planes, <<.S),

Ps gy =L g = Eq
& E

0=pS v =Ed="4

C Q_IOSS_S

=D-(-a,)=—ps = D=(—ps)(-ad.) = psa,
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[Ex.] Mica dielectric capacitor: £.= 6, S =10 in%, d =0.01 in
S =10x0.0254" =6.45x107° [m?]
d =0.01x0.0254=2.54x10"" [m]

_ 6x8.854x107%x6.45x107

C —4
2.54 %10

=1.349 [nF]

4/46



Stored Energy 1n a Capacitor

le= = 1
W,.=—|D-Edv=—|&E’dv € Eq.(45)in Sec.4.8

2 vol 2 vol

1 2 1 2 1 2 72
:_ISJdE'OS dzdS = — £ .Sd:—gS.de

2J0Jdo g2 2 & 2d &

1 1 O 1
=—CV) ===V, ==0V,

” 0 2V0 0 2Qo |X\CT VOZ

1 Q0 10° S
:EQEZE? —el— Wil (ngg)

Q2

WE:%CV(%:%QVOZ%?

> (2 Mot I SEE0| O™ B2 cpergy A& 7H5)
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6.3 Several Capacitance Examples
6.3.1 Coaxial Cable

* Coaxial capacitor with inner radius a, outer radius b, and length L

* Work for moving a charge QO from a to b:

— — b
W=-Q[E-dL=-0[ L:—a,-dpa,

a QEP
v p, dp  QOp, . b vl
= — = — In— : < |
QL 2re p 2re  a '7

Ps
* Work for moving a charge QO from b to a: | //]p_bE\* ‘
W — QpL b p=a _— 1 —

Vo = u = L In &
O 2ne a
@, 0, L 2rel
C —_ — = pu—
Vr  Pr lné lné
2re a a

assume a unit length in z
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6.3.2 Spherical Capacitor

* Spherical capacitor formed of two concentric spherical conducting
shells of radii a and b (a < b)

E=F,a, = ¢ a

dmer?
* Potential difference between mner and e
outer spheres : -
a a Q
Vo:—/ E-dL:—/ say-a,dr:
b ,  Amer
Q [1]1* _ @ (1 1 .
= — [—] = — (— — —) where Q: total charge on mner sphere
4me Lrlp 4me\a b

Q) 47re

- C 1t ; = o =
apacitance: | C Vo = (1a) — (/D)

“If b — oo, C=4rea 7/46



[Ex.] Marble sphere with diameter of 1 cm 1n free space
(a=05cm,¢g,=1)
C =4nea = 0.556 pF

Sphere conducting shell consisting of several slabs

0

o (a<r <rp)
Q

- 47’[6()1”2 (rl = i")

] (1 1) |
- - — _|__
€L \d I €0r1 8/46




6.3.3 Capacitors with Multiple Dielectrics

- Assumption: £, and £, are both uniform.
Vo = Evdy + Exdp

- At dielectric interface, Dy, = D,, (by boundary condition)

-> €1E1 o €2E2

Conducting plates

V. =Ed, +° Ed, = (dl g
2

dy + do(er /e2)

Eq

* Surface charge density:
Vo

Ps1 = Dl = £1E1 = dl d2
e T, 9/46




0 VO VO dl + d2
S &8
1 1 1 1
1T 1 < o
N C C C,
Cl CZ
cf.) (Other solution) Charge on one plate: O
Charge density: % =D D,, =D,,
D d
E1=D= Q I/1=l;:1d1=Qd1 E2= = Q I/2=E‘2dz=Q2
g &8 &S £ &S £,8
I/l = dl = 1 Vz — d2 — L
Q 515 C1 : Q 825 C2
0 0 1 3 1
v v.+v, d, d, 1 1

+ T 10/4
&S &8 C, C, 0ra6



- Parallel plate capacitor consisting of several dielectric layers

S 1° Q 1 S g /2’//1 S 29 Q2

E:E =I/0=D1=—2=Q1_Q2
1 2
i 81 82 glsl 8252
.S g, S
Ql_ lleO QZ 2d2 0
+ S S
C—Q—Ql Q2_51 1+82 2=C1+C2
V, V, d
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6.4 Capacitance of a Two-Wire Transmission Line

* Potential of a single line charge on the z axis, with a zero reference
at p = Ry

E:Epc_ip: pL C_ip N V:_J‘E.dZ:_J‘R pL dp: pL lnRO
R 2 rtep 2ne R

 Combined potential field from the positive and negative lines at R,
and R, (dual line charge?} ZME I 2| potential) :

.1"

RipR
V=—\Ih———-In—) = PL In—2 "2
27€ R1 R2 27€ R20R1

(~a,0,0)
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* Choose R, = R,, (x = 0 plane: zero potential plane).

* Potential at P(x, y, 0)

2
_ P In (x+a)2+y2 _ P 1n(x+a) +y2
(X—a)z"‘yz dre (x—a)2+y2

'Ry =Ry & I &2[2] 2/ X0 M 2| potential.

- K,: dimensionless parameter that 1s a function of the potential ¥,

where 1s an equipotential surface V' =V

v, =Pk,
drre
2 2
_ AreVy/py where K =(x+a) Ty
Kl =€ 1 (x—a)2+y2

- (1)
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* Solving equation (1)
K x*—-2aK x+a’K, + K,y =x"+2ax+a’ + y°

x*(K,-1)-2a(K, +1)x+a*(K, -1)+ y*(K,-1)=0
)

x2—2axK1+1+y2+a2=O -
K, -1 : .
(x—aK1+1J2+y2=a2(K‘+1)2—az | @ x
K, -1 (K, -1)
(KZ+2K,+1-K?+2K,-1) , 4d’K,'
) (K, 1) (k1)

K, +1 2a
(x—a 1 J +y’ ( FJ — Center : (4, 0) and Radius : b

K, -1
K, +1 2a./K,
K K, -1
> i b=fla,p, K, (or Vo] 14746

where h= a

----(2) : equipotential |



- Solving the last two equations for @ and K,

h(K, —1)=a(K, +1) K,(a—h)=—a—h
K1=a+h=h+a
h—a h-—a
y h+a
b:za*/zz h—a _[i*_2 > ca=-n-b
K, -1 h+az_1
h—a

bK,-b=2a\/K, bK,—-2a/K,—b=0, b(JK;)?>—-2a/K,—b=0

JK = R R e N T
s b b

. Since Kl — 84”5V0/PL (OI‘ /Kl 262”5V0/PL)
b, = 4reV,
L

 Ink,

> 4 a, Py, K1 — g [ha ba VO] 15/46



* Solving Given (4, b, V), then (a, p;, K,) can be determined.

O p,L o, L 4relL 2relL
C = = = = =
V V, p,In K. Ink, In,K,
Adre
2rel 2mel

2 2 | y
[ e n - b cosh_l(h) I
b b L
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Numerical Example
* Choose b =5m, 2 =13m,and V,=100 V. Find p, and C.

a=vVh—bh=y/132-52=12 m

E/V=O
:: — h h? —b2 13412
b S
V=,
P
-
a h X
4eVy  4m x 8.854 x 1072 x 100
oy = _ = 3.46 nC/m
InK; In 25
2 21 x 8.854 x 10712
C=——"" 7> — 34.6 pF/m
cosh™ " (h/b) cosh™ " (13/5)

(x=a=12,y=00A T MFS} L= 3.46 nC/mO|H,

= 1
thel 20| & 34.6 pF/m2| EFE AE5 7T 2 T US) 17/46



Inverse Numerical Example

- [dentify the cylinder representing the (7, =) 50 [V] equipotential
surface.

—12 -9
_e4n><8.854><10 x50/3.46x 10 — 5.00

K, = 847T€V1//0L

y

b_za\/?l_lezxﬁ

=13.42 [m] V=0 4 L

‘ / Equivalent N
K 1 _1 5 _1 I/ ligglg}?afge \\
Hzo N
I \

K+l 5+ e e

+ + l_ - Center, x =13, !
h=aK1 1=12X5 1218 [m] ‘ hils ‘! y=0, V=100 ,’
1 - o \\ Center,x =18, y=0 //

\ radius = 13.42 4

TR o

o i S

h=13,b=5,.. K;=25; -. p; =3.46 X 107° C/m, . a =12
IfV,=50,K,=5,h=18, b=13.42, p; unchanged

_ 2meyL

b In5

=34.6 pF/m
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* Electric field intensity

dre -

_ p, [2lx+a)d, +2ya, 2x-a)i, +2ya,
- (x+a)2+y2 (X—Cl)2+y2

_ P {(XJFC’)&} + ya, (x—a)d, —I—yc_iy}
T 2 2 B . 2 9)
el (ava) ey br=a) + 19/46



- Electric flux density
{(x+ a)ﬁx +ya, (x—a)c_ix +ya, }

(x+a) +y’ (x—a)’ +y’

D=k =_"1
2T

where p, . at(x=h-b,y=0)and p, .. at(x=h+ b,y =0)
(. +p, A p, 2 7t Z[EF AE|O| 22 electric fluxZF Z[CH 7 &)

(h—=b+a) (h-b—a)

o, | h+b+a h+b—a}__,axm_&o|gi)

ps.max — _Dx x=h-b, y=0 —
’ Y 27

=_D — _
IOs.mln x, x=h+b, y=0 272_ _(h +b n a)2 (l’l +b . Cl)2

*Incaseof 4=13,H6 =5, and a =12,
_9 . . .
3.46x10 {13 5+12  13-5-12 }20.1650[nC/m2]

ps.max —
27 | (13-5+12)° (13-5-12)
-9 —
_3.46x10 { 13+5+12  13+5-12 }:0.0734[nc/m2]

(13+5+12)" (13+5-12)

ps.min —
27
20/46

ps.max — 2'25ps.min



Capacitance of a Two-Wire Line

* The line geometry 1s shown here. With two

cylinders (and a plane of zero potential between them),
the structure represents two cylinder/plane capacitors
in series, and so the overall capacitance is one-half
the result derived previously.

If b <<h, h—]|
In[(h 4 v/h2 — b2)/b] =In[(h + h)/b] =In(2h/b)

. C = 2mel  C = 2rel — Y J
°e - 24 - [72 12 _ 2mel _ 2mel
ln[b} ln|:h N :l ) In[(h + ~/h?> —b?)/b]  cosh™'(h/b)
b — —~ /)
Ctotal = g “= coshzrle(Lh /b)
2 5
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6.5 Using Field Sketches to Estimate Capacitance

This method employs these properties of conductors and fields:

1. A conductor boundary is an equipotential surface.

2. The electric field intensity and electric flux density are both perpendicular to the
equipotential surfaces.

3. E and D are therefore perpendicular to the conductor boundaries and possess
zero tangential values.

4. The lines of electric flux, or streamlines, begin and terminate on charge and
hence, in a charge-free, homogeneous dielectric, begin and terminate only on
the conductor boundaries.
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Sketching Equipotentials

Given the conductor boundaries, equipotentials may be sketched in. An attempt is made to
establish approximately equal potential differences between them.

Equipotentials

Conductor
boundary

Conductor
boundary

A line of electric flux density, D, is then started (at point 4), and then drawn such that it crosses
equipotential lines at right-angles.
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Sketching Lines of Electric Flux

Two Lines of D are shown (sketched in red), and spacings between adjacent field lines and
between adjacent equipotential surfaces are noted. All field lines must intersect equipotentials at 90°,

The volume between the two red field lines (having unit depth into the screen) forms a “tube” of flux,
of amount Ay.  This is the same as the charge on the conductor that is bounded by the tube.

The electric field can now be written as:

1AW
_EALt

Then, assuming potential difference A} between adjacent
equipotentials, we may also write the electric field as:

AV
ALy
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Graphical Relationship Between Incremental Potential
Difference and Electric Flux

We now have two expressions for electric field, based on the line spacings in the sketch:

AV
1 AY b

e AL, ALy

Setting the two expressions equal results in

1 AWV B AV

e AL, ALy
. AL, 1 AW
or: — constant = — ——
ALN e AV

In other words, the sketch is done such that the ratio AL, /AL y is fixed. The easiest way to do

this 1s to make AL —ALN
;=

So draw the sketch such that each grid segment is approximately square 25/46



Determining Capacitance from the Field
Sketch

Here we see the completed sketch, drawn such that the region is divided into curvilinear squares.
Each segment along the conductor walls (again of unit depth) contains flux Ay, (or charge AQ).
Each distance increment between conductors represents a change in potential of AV.

The number of segments along the conductor wall is N,

The total charge on either conductor is therefore: AV
AV _—
0 =NyAQ = NyAW¥ =

The number of segments between conductors is N, AQ
The potential difference between conductor is therefore: 0
A
Vo = Ny AV
0 1% N
NoA AQ
So that the capacitance is now: (' — Q—Q \ ) NQ A Q
Ny AV v
Ny AV

— € — € —
Ny ALy

or finally:

€
Ny 26/46




Example

Conductor
In this transmission line, we wish to estimate boundary
the capacitance per unit length. The field and /
equipotential lines in one quadrant are shown.

Repeats

In this case, division of the range parallel to
the conductors into an integral number of squares
was not achieved. Instead, over one-eighth of the Conductor
distance around the perimeter, we have 3.25 divisions. boundary

Repeats

Between conductors there are exactly four squares.

Therefore:

Ng 8 x 3.25
No _

C:NV
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6.6 Poisson’s and Laplace’s Equations

* Gauss’s law as Maxwell’s first equation:

(Yoo {=HZ ol H2 2 LI 2 = electric flux density2| f=

V-D=p, H 2O =0 =Xt Matatnt 2ot
» Electric flux density: D = ¢E

- Gradient relationship: E = —VV

= As a result,
V-D=V-(E)=eV-E=¢V-(-VV)=—=eV-(VV)=p,
S VA(VV)=- Pr . Poisson's equation
g

where ¢ : constant for homogeneous material 5146



-

oA, A, oA

V-A= + +—= : Divergence
< ox oy Oz
VIV = &—Va +8—Va +8—Va : Gradient

Ox oy = Oz
=Ada +Aa,+4.a,
o oV, o oV, o0 oV
V() =— () + () +— ()
ox Ox Oy Oy 0Oz Oz

an an oV
8x2 oy’ 82
=V

P,

g VZ : “Laplacian” or “del squared”

: MAlo] gHo| £l= MM}, MH3}
“Ifp. =0 (zer lume char nsit ' '
py =V (zero volume charge density),<—" . " 20"t mnsoa
V?V =0 : Laplace equation 8O £, volume W50 X3}t
| glem, =00 E 29/4




Laplacian Operator in the Three Coordinate Systems
_» (5% volume Y F0f| = F5}7} gl
@ ZA (M, B0 H37F UCHA Laplace
eq.2 21 1 AW (A, H)of chst
FAZAS YW IAHOE Q1% 245 Y
er7

- = -
L)

~

) 3°V  9*V 9%V
V7V = W -+ a—yz + B—ZZ =0 (rectangular)

vy =22 () ] v +—82V (cylindrical)
— cylindrica
p pz a¢2 azz y

o2y 1 9 (,0V N 1 9/ . Qav N 1 9%V (spherical)
—_— T — SlIl -
r? or ar r2sinf 06 06 r2sin? 9 0¢? >

- Laplace equations are also solved by certain boundary conditions (V, E, ete).
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6-7 Examples of the solution of Laplace’s equation (V4V = 0)

* Direct integration: simple method
(3-dimensional problem: indirect integration, more difficult).

* Direct integration method 1s applicable only to problems that are
“one-dimensional”.

o’V oV oV .
—,—5 > (cartensian coord.)
ox° oy~ oz
=>» Same problem
oV L Laplace 474 A0 A 2+ ZpE | of
— (cylindrical coord.) stz 2 97l 7} QFX| Tt
o 1350570 52 &2 HEjo|E=
S7HA| ek AT ETH S AE.
1 o

(spherical coord.)

r>sin’ 6 0¢°
31/46



|[Ex. 1] Parallel Plate Capacitor

X 4

- Assumption: V'is a function of only x.

92y d*V 7

—=0 =2 ——=0

0x2 dx?

v

—=A
dx

V = Ax + B : general solution
where 4 and B: constant

|

V,=Ax,+ B

Boundary conditions:

1. V=0atx=0
2.V=Vyatx=d

V=0=VFV, at x=0=x
V=V=V, at x=d=x,
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Interior Potential Field

Apply boundary condition 1:

0=A4(0)+B —= B=0 | -

Apply boundary condition 2:

VO 071 1 ]
VO = Ad —_— A= rl V=0
Flnally: Boundary conditions:
1. V= =
Vox V=0atx=0
VZT 2.V=V0atx=d

!

Equipotential
Surfaces

33/46



X
V = V-

d Surface Area =S
VO X A
E=-VV = — —dy V=",
d d T HF A T T
(- M7 B BOIN W BO2 Hla R, T }Equipotenﬁal
Surfaces
D=—¢ gax V=0 Ps
At the lower plate surface (z = 0):
Vo N
Ds=D| _, = —e—a, and  nm=a, (- HASIGE U
Vo —eV, VoS
Dy = —e— = — Vs = —e 22
N p PS 0 T d
g bl
B S
(= ‘Q‘ —_d _g=2

5 d 34/46



|Ex. 2] Coaxial Transmission Line or Capacitor

- Assumption: V'is a function of only p.

L2 (p2) =05 14,

pdp \' dp pdp\" dp
dV-—A. V=AlI B
pd,o = = Alnp +

* Our goal 1s to evaluate the potential
function 1n the region (a < p < b)
Vo=Alna+ B
—)O0=AInb+ B

V, = AIn< A=
b

Conducting
7 cylinders

p:

f

Vo V=0
B~
b
,—
_—

Boundary conditions:

1.
2.

V=0atp =5
V=Vyatp = a
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V. 14 b
V=dlnp+B=—1Inp-—tnb =——1n’ =0 1)
a a a b p
lﬂ— lﬂ— lﬂ— lIl—
b b b a
In(b/p)
Vip) =V
(p) 0 In(b/a)
= V
E=—VV=- f}) El) (—b lz)ﬁp_V“ lb ap
a p o
4
DN(p:a) — Ob - scalar
aln(—)
a -7 T~
0= g_Vob@,: V2ral) &V, 2xL

a ln(;) a ln(g) 1n(§)

Q  &V2xL/ln(b/a) 2mel
VvV V.In(b/p)/In(b/a) b —p
o In(b/,p)/ Inb7 ) In(—) 36/46
a
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|[Ex. 3] Angled Plate Geometry

- Assumption: V'is a function of only ¢.

1 d*V 0 LT
— (\Insulating/\)
p2 dqbz (p =00l 7= r,2t Vzoor\g3p< Za =0
dZV Mz 20 ACH 20|17t 815 $=0
gz " ¥
I/ = A(p + B ai T -
- By applymg BC, V(gb) — VO é Boundary Conditions:
(87
1 V=0at¢g =0
1 dV Vi 2 V=V,at ¢ = «
E=-VV = —,—\—aq; = ——an5
(P)do ap

E=f(p)#f(#),  but V=rf(p)
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[Ex. 4] Concentric Sphere Geometry

* Assumption: J 1s a function of only r.

V=0

V=V, % Ii ‘I
o b >

Left in the exercise.

Boundary Conditions:
C =
1_1 1.V=0 at r=5
a b 2.V=Vyat r=a
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[Ex. 5] 8 —Dependent Potential Field

- Assumption: V' 1s a function of only 6 in spherical coordinate.

: (smé’a—V) 0 (r#0 , 0%"
r*sin@ 00
dV
sm@— = |
Ad@ 0 | -
—+B— Aln{ tan— ) + B |
sin 6 2 |
* Boundary condition 1: o)
— _ V=0
0= Alntan(4)+B B = B=0
L Boundary Conditions:
* Boundary condition 2:
o Vo Vo
Vo=Atan (5) = A= V=had-a
° A In tan(a/2)

Intan(6/2)

Vi) =V In tan(a/2)
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1 1 1 1
E=—VV———8—Va6, . seczg-—ﬁg
r o0 " In(tan ) tan2 22
cosg
L T b 1 Vs .
2 a. . 60 .0 20 =7 o Jo
n(tan 2) sm2 Cos” — rsin @ In(tan 5)
gl .
p, =— penlE surface charge density on the cone
rsin & In(tan 5)
Q=- I J.ZTI? sin adgdr 6 = o : constant
sma'ln(tana
- | 2TEY, 2nekr
_ 27el, derﬁ— 2rgl, J‘Hdr =——<1n = i;
0 -
]n(tang) 0 ]n(tang) 1 ln[cot 2J
2 2 In "
t -
C:Qz 2re, \anz/,
4

o
In(cot —
( 2)
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6.8 Example of the Solution of Poisson’s Equation:
The P-N Junction Capacitance

ol or ;r»«:ﬁ:&;f%‘”ﬁ ) » P 3 N-type semiconductor 7} M2 Z2|E|0 U=
chorte N ‘It [ M - -
™ Be Be o ool |om o8 on om L7 "‘“’“‘“é’ + P-typeOfl | = hole (&) 1t S & Y == = acceptor-site
00 0® 00 06| |lom om om om ’ charge ( E]')7|' Moty =2 0|50 US.
56 56 66 06 ||om on om o
(@ - N-typeOl A= FXHO) 2 22 Y == Sl= O] 2%t
[} |

donor (#] )=0| Hol7&= O|F 11 U2,

7 «— 0O
0o e B® B0 | oM o OF OF
O0® Ppe g Be ('m on 6@ of O gke)

2 o +P % N-type BHEX| 7} Tt

H® He B® B®
0® 50 O® po 9‘7 o eH o[

=

» P-typeOl| A| = N-typeOll H|SH hole O, N-typeOi| A= P-

ge 5o ge:.B° oM oM om N .

Ho B0 B0, 0| @ iom om om typeOf| H|SH X}7} BEoB = MO dHo 2 2k410|
00 60 Oe: El. ‘ol o e&] HFAH SL

00 5o E]@ EREEREE! =SS,

[ % S + P-type Ol A= N-typeOi| |3}l hole O], N-typeOf| A= P-
YRR nTAafz B wgbtd eeoffv el ol IS FXPF BtoDE AT Yo E EHAIO|

o IMPRE -4y
| - A10MM 2 2 el (junction) :LX‘IE—'T'— E{ MSI=0| 2HALS)
LtZfof f Hi.’i. T M= EdEXH 22 dopant= O

Z0] g7 &.

’gﬁ-d 23 (@) 41/46
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 Simple expression of charge distribution

X X
p, =2p,,sech—tanh — --- (1)
a (@ > Almost a half length of the depletion region

pv.max — IOVO @’x — 0881a

* Poisson’s equation:

T
£
2 d d
a¥ = — 2P sechftanhE < —sechu = —sechu tanhu—u
dx? g a a dx dx

 Assumption: one-dimensional problem

dv  2p.
= 2P ech 2+ C, =—E,
dx £ a
zpv()a X 2
€ i e +e”

42/46



*Asx >xow0, E. =0 =2 (C, =0
_ in-!
2p,,a och ¥ - _ a 2) jsechudu =sin~ (tanhu)

L E =- ;
£ _
, e * =2tan" e"

4
0= Fwd 2y,
o 4
c, :_4ona2 R4
& 4
4p a’ -
V=P paney =51 - 0)
g 4
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p-type ntype

-5 —4 -3 —2 —1
x/a

v x x +H0:5
r P = 2sech—tanh — (From Eq. (1)) -
va a a ”

N X o
= —sech — (From Eq. 2)) —= & = 2 G Rt S L Sl

2p,0a a \ /

eV QT
—=2zx[tan" (e*) — =] (From Eq. (3)) -
\210v0a 4 ﬁ
0.5
0.25
el —35 —d —3 = T 1 E 3 8 o x/a
20,0 0>

=325

- =03
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- Total potential difference V, across the junction:

2 2
V Vx—>oo Vx—) —0 4pV0a d - i — O _Z — 4pv0a i
g 2 4 4 g 2

_ 27p o a’ |
& 272-10\/0

* Total positive charge:

Q:S': P, dx — 0=|pdv=S8|p,dx
o CIHHA §=
51" 35, ach LY ' S =constant
J0 a a
=28p,.4] sech =2p ,a5

_2vaS ’ _S\/2pv08V
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[ = a9 =C dVO
dt

C lzpvog 1
\/2101/0(9
2 T 27zvaa

2ma d

C= f(F) «— C=constant 2| 85
0 high V,&= high a (or high separation) 2 &
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