Chapter 11. The Uniform Plane Wave

11.1 Wave Propagation in (source) Free Space

« Consider wave motion in free space first. (o =0,J =0)

—
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» GG1ven the electric vector field:
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—Telegraphist’s equations for lossless line (Eq. (20) and (21) in Ch.10)



Differentiate Eq. (7) with respect to z and Eq. (8) with respect to ¢:

O’E 82Hy

X o _ 9
P PN ©)
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L= g, — 10
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Eq. (9) < Eq. (10):

0’E 0’E
87; = Hyé, sz (11)

: Wave equation for x-polarized TEM electric field

<> Analogy to Eq. (13) in Ch. 10

Propagation velocity:

pe— L 3410° misec = ¢ (12)
\ Hoéo

where c: velocity of light in free space

* Differentiate Eq. (7) with respect to ¢ and Eq. (8) with respect to z:

0’E,  O°H,
zor . 0o
0*H 2 O*H
tegy Ty S (13)
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: Wave equation for y-polarized TEM magnetic field




* General electric field solution of Eq. (11):

= forward-propagating waves + backward-propagating waves

E (z,t)= f(t—z/v)+ fi(t+z/V) (14)

Since the waves are sinusoidal, electric field can be expressed with a phase

velocity (v,) as below.
E (z,t)=E (z,t)+ E'x(z, 1)

= ‘Exo‘cos[a)(t—z/vp)+¢1]+‘E;O‘cos[a)(t+z/vp)+¢2]

=|E_|cos[wt —kyz + ¢ ]+ |E.,|cos[at + k,z + @, ] (15)
forward z travel | backwarﬁ z travel ’
@
where k, = — [rad/m] (16)
c

: wavenumber in free space

w: radian time frequency (or angular frequency) [rad/s]

ko: spatial frequency [rad/m] <> phase constant

Wavelengh: distance in free space over which the special phase shifts by 2z
kyz=kA=2r — A= i—ﬁ (free space) (17)

0

« Condition for considering the m™ crest of the wave:

koz = 2mr



For periodic cosine waveform, the entire cosine argument be the same
multiple of 2z for all time.

wt—kiz=wt—(w/c)z=0(t—z/c)=2mx (18)

If ¢ 1, then z 1. =» moving positive z direction with phase velocity ¢ (in

free space)

ot+kiz=w(t+z/c)=2mr
If ¢ 7, then z |. =» moving negative z direction with phase velocity ¢ (in

free space)

 Real instantaneous fields in terms of their phasor forms:

E (z,0)= %

E le e e +cc. = lExsej“” +cc = Re[Exsejwt] (19)
— 2

ExO

—jkoz

where £ =FE e : phasor electric field

E.,=|E,|e” :complex amplitude

c.c.: complex conjugate

8 °
[Ex. 11.1] E,(z,6)=100co0s(10°¢—0.5z+30°) [V/m]

phasor s Eys (Z) — looe—j(0.52—30°)

[Ex. 11.2] Magnitude E, =100d, +20£30°d, [V/m]
=100¢’" G, +20¢’ a@,, f=10" Hz

ko= /c=Qrx107)/ (3 x 105 =0.21 rad/m



— —70. i2 107 — i30° — 7021 i 107 _
(20 -0212) 7 (2x107 1-0.212430°) =
= Re[lOOej( 7x10" =0 z)ax +20ej( 7x10"t—0.21z+30 )ay]

=100cos(2z x10"t —0.21z)d,
+20cos(27 x10't—0.21z+30°)d,

* Taking the partial derivative of any field quantity with respect to

time is equivalent to multiplying the corresponding phasor by (jw):

oH OF
L =g —2 20
Oz O ot (20)

where E (z,t) = %Exs(z)ej“” +c.c. and H (z,t) = %Hys(z)ej“” +c.c. (21)

dH (2)
2= josE,(2) (22)

* Maxwell’s phasor form equations (in free space).

~ VxH_ = jos,E. (23)
VXE =—jou,H. (24)
.
V-E =0 (25)
~ V-H =0 (26)



- oH
VxE=—p,—
X Ho ot
e Wave equation in free space: ~ oi
VxVsz—uOVxE
VxE =—jou,H . . _
s =TT O, V(V-E)—VZE:—,LJ()%(VXH)
VXV xE, =(=jou,)VxH, 5B
=—Hoéo 61_2
V(V.Es)_szs :(_.]a)lth)(.]a)gO)Es (27) 5= 62E
\% E_IUO‘C"O atz =
~V’E =o0’u,s,E, (v V-E =0)
E - field & 334 2477}
VE =-0pu,s,E AZFHQl A oR BeEATl A,
V?E_ =—k2E_ :(vector) Helmholtz equation (28)
where k,=w/u,s : free space wave number
« One-dimensional form: V’E_ =k E_ (29)
Ak 7))

(E—field 7} 3 W@t 7o 9l

* Expansion of the operator leads to the second-order partial differential

equation:
2 2 2
a E;xs +8 sz_g a E;xs :_kOZEXS . E:E’x(z)ei}’zax
ox oy 0z
If E_ does not vary with x or y,
2
s kE, GO ERNIE - Hvlw)
(1)

dz’
_ —Jjkoz ' jkyz
= E_=FE e " +E e
where E,o and E,o’ : real



« Determine the form of the H —field

VXES :—jwuoﬁs (24)

Simplify for a simple E_ component varying only with z

— OE. OF, \_ CE. OE_ |.
8was . VxE= [ah_az'jax +(&_&Cjay
= _]a)ﬂOHys <~ (3 1) Y

0z B OE, OE. ).
R A

Vi = a, _OE, .

oz =5 9

1
H, == o ACHRE e 4 Gh)E ] hy = 0

— E ’ —]kOZ . ’g() Jkoz — —jkoz +H;)Oejkoz (32)

Instantaneous form of magnetic field:

H,(z,t)=E, \/:cos(a)t k,z)-E. \/iTcos(wt+koz) (33)
Ky Ky

* By comparing the electric and magnetic field amplitudes of the forward-

propagating wave in free space,

ExO = %Hyo = UOHyO (34a)
0

Backward propagating wave:

E,=- %M, =—pH, (34b)
80



Intrinsic impedance of free space (7[eta]):

7, = /% =377=21207 [Q] (35)
0

=E /H,

— in-phase in space as well as time

=> constant

— analogy to the characteristic impedance, Z

 Poynting vector:
S=ExH
« Uniform plane wave: The magnetic field intensity H lies in a plane

normal to propagation direction (Z), and is perpendicular to E

— TEM-wave (Transverse Electromagnetic wave)
— (ZLE,ZLH,ELH)

A n
A

S )
N }%ﬂﬁf_xn_ _ “///22\@ -

N
}\Q\IJJE)A{IIJ‘B/ ,/Z_/_ / ‘W ;//_,/___

(a) y (b)



11.2 Wave Propagation in Dielectrics

* Propagation of uniform plane wave in a perfect (lossless) dielectric of
permittivity ¢ and permeability x which medium is isotropic and

homogeneous

* Helmholtz equation:
V’E =-k’E. (36)
=’ usE = -’ 1 pi,6.6,E. = -’ g 1.6 E.

2 = 2 2
- _kOlurgrEs <~ kO = IUOEO

k =\ ue = a)\/,uogo \/,ur =k €, (37)

*For £ _,
d’E )
=—k"E (38)
dz

* General solution:

— ik — —7 —
E,=E. e’ =Ee“e’” (40) z g ow E—field/t A2 wA]
s A= 3 19
Instantaneous E =FE e* cos(a)t — ,BZ) (41) lossy propagation model
o . attenuation constant. o =0 for lossless.
where
[ : phase constant

= jk=a+jp



e-OCZ.
where a: positive — attenuation

negative — gain

 Physical processes in material can affect the wave electric field and be

described complex permittivity as.

£=¢ = je =&~ jg,) (42)

* Losses arising from the response of the medium (e.g. ferromagnetic
material or ferrite) to the magnetic field are modeled as

p=p'— "= gy (= ju,)
Ex.] Ferrimagnetic material (or Ferrites)

=>» Very weaker than that of dielectric material u = wo.

* Eq. (37) «<— Eq. (42)

k =\ ue = oJu(e'- je") = o ue' l—jg—' (43)
g

! " 2 %
a=Re{jk}=w ﬁ{ 1+(8—j —IJ (44)
2 g'
! " 2 %
B =Im{jk}=w ﬁ[ 1+(5—j +1J (45)
2 g'
where £”/¢’: loss tangent (if &’/ =0, then o = 0)

10



* From electric field intensity

E. =E e * cos(ot - fz)

=E e “ cosqw t—ﬁzj =E e “"cos<m|t- =
@ (! B)
=F e cos{w(l‘ — iJ}
vy

\ time dimension

(46)  :phase velocity

Yy =

w
LB

» Wavelength: distance required to effect a phase change of 27

PA=2r
A= %T (47)

* By uniform plane wave property,

H, = Ew e eI’

ys 77
| | u /u 1
where 7774/ ey Ve Jimjee) (48)

: intrinsic impedance in dielectric

=>» Electric and magnetic fields are no longer in phase.

11



* Lossless medium (or perfect dielectric): €’ =0 and e =&’
=>» From Eq. (44), 0 =0

From Eq. (45), B = o\ e (lossless medium) (49)

* With o =0,

E_=E_ cos(ot - fz)

 Phase velocity and wavelength in medium except free space:

/v speed of light

0] 0] {c:

| .
K RN N P P P L

-----

27

_ 2 L e Ay,
B oJus  fJus  fme  Jue, 0

A=

» Magnetic field associated with E,:

E
H, = Txocos(a)t — f32)

Where 7= \/g (52)

12



[Ex. 11.3] 1 MHz plane wave propagating in fresh water.
Neglect losses in fresh water (&” = 0)

u =1, ¢ =¢ =81

6
> =0 ,ug':a),/,uogo\/;r:a)\/g—rzzﬂxm XM:O.N [rad/m]

¢ 3x10°
1= _2% _33m] < 300[m] =4,
B 0.19
6
v, :%:%:3:%107 [m/sec] < 3x10° [m/sec]=v,,

n_\/z_ Ho 1377
&' & \/;r J81

If E,=0.1 [V/m],

42 [Q]

E, =0.1cos(2710°1~0.19z) [V/m]

g =L 2%003(2ﬁx106t—0.19z):2.4><10_3 cos(27 x10°1—0.19z) [A/m]

"o

[Ex. 11.4] In previous example, f=2.5 GHz, &’ =78, &” =17

(Dielectric loss can’t be ignored.)

: ﬁé’( (%) ‘1}

13



)
9 2
_27x2.5x10 x\/78[ 1+£lj —1] _21 [Np/m]

J2 x3%10° 78

* Frequency of microwave oven: 2.5 GHz.

1 0.048 m : penetration depth.

1
e ““=e z=—
a 21

«If />25GHz, &"T. Butz= 1 Il = Toomuch power is needed.
a

[<25GHz, z=—1  &ll
a

J2 x3x10° 78

i
9 2
p =220 x“78[ 1+(lj +1} 464 rad/m

/1:2——0014 < 0.12=4,

b

=43+ j1.9=43.04£2.6'[

14



* Real conductor does not have infinite conductivity. (o # )

— The wave loses power through resistive heating of the material.
These phenomena can be explained with the complex permittivity.
VxH, = jo(s'- je")E, = we"E, + jos'E, (53)

VxH =J + josE =cE + josE. «— &) &"

T— conduction current

=(o+jws)E, =J, +J,  (55)

/ L displacement current
displacement current2}

HlaLE = SHolA "e"E 24

J,, =ws"E = ok

oS

(56)

)
I
SHIS

 Loss tangent (&”/¢”) is a barometer to judge whether the loss is small or

not.
g 1 gn 2
a=Rﬂﬂ%uu£;-1+(—j—1 (44)
&

_oe_ o (57)

- ja)g'Es - je' je' jwe

Jos  we"E, €

15



jds :ja)g'ES :ja)a‘ES

A - -

"

(o2
tand = —=—
& &
7 o _ Conduction current density
0 4 tan' | =2 =1an(—j = . ;
s ws' Displacement current density
jO's = O-Es s

* [f the loss tangent is small,

. . , &"
szij/ﬂgwfl—J;
(n=1) > nn=D(n-2) 5

n— n .....
:]CO\/E l—ji' (59) «— (1+x)"=1+nx+ Y X"+ T
e

where |x| <<1

P o] P +l(ij2_....
JOVH j2a)g' 8\ we'

=a+ jf
a =Re(jk)= jo ﬂg'(—jzgg'j:%\/g (60a) « (43) ~ (45)
B =1m(jk)= o ”E[Hl(in (60b) « o] <<|we'
8\ we'

~ o\us' (61)

16



— (1+x) =1+nx+n(nz'_l)x2+n(n_2'(n_2)x3+ -----

where |x| <<1

| 1

&' (5") e 2
1-j| —

1/2)(=3/2 2
=ﬁ1+j0+(/)(/)(j6)+
s' 2ws" 2 we'

| 3( o ? o
~ 2 1——(— + (62a)
g' 8\ we' 20&
~ 142 (62b)
s' 2ws"

[Ex. 11.5]  Repeat the computation of [Ex. 11.4].

8_21_009 en=2 oc=¢&"w
0]

s

_ 7x8.854x107? x27rx2.5x10° 377

=20.78 (~21) [Np/m]

2 J78
9
B = oJue' = oz 78 = 2Z 22310 ><*/778=462.4 (= 464) [rad/m]

3x10°

Y7, . O My 1 . &"
= [—|1+ = |— —| 1+
7 8'( ]20)8'j & \/%( J28'j

377 0.09
1+ ]—j 42.7+ j1.92 (= 43+ j1.9) Q = very similar results.
78 ( 2

17



11.3 Poynting’s Theorem and Wave Power

» Consider Maxwell’s equation

Vi =P

63
at (63)
E-Vxﬁzj-EJrE-a—? (64)

Using vector identity,

V-(Exﬁ)z—E-VxFI+ﬁ-VxE

— (66
~ (66)
1By (Exi)=J E+E-L
ot t
v (Exil)=J-E+eb-Lrpui ZL (67)

o 2 2
Since 8E-8E:£aE :Q ¢E —g(lﬁﬁj eEF(x):F'(x)-%
ot 2 ot ot\ 2 ot\ 2 ot

18



Integrate throughout a volume,

—J V(E ﬁ)dv I JEdv+Ivol t(; jdv+jvolat(ll§-ﬁjdv

Apply divergence theorem

~§ (Exr)aS=]

J vol

J-Edv+< |
dt Jvol 2

15. Edv+—jl B-Hdv (70)

(-)Esolma (A A) volume SFoll A
oto & E9o] 9+ total ARE =
transmitting power (ohmic) power

N\ AN

"’ L

: Poynting Theorem

 Poynting vector:

S=ExH [W/m®*] (72)

I R

A A eto| A electric BE+=

megnetic field FE| 2 A &4 +=

total energy. (in Ch. ®)
2
Y
J-E=11 = R‘J‘
O

Instantaneous power density, measured
: 2
in watts per square meter [ W/m”]

= (SLE) and (SLH) and (E LH)

19



* In the uniform plane wave,

Ea xHa, =S.a,

In a perfect dielectric
E =E cos(owt— fz)

E.x
H, = TOCOS(a)t—ﬂZ)
E2
= S =—2cos’(wr - fz) (73)
n

To find the time-average power density,

2
<S8 >= %Jj%coﬁ (ot - Bz)dt

1 Eio T . ) , )
=a7 o [1+eos(2ar-2p2)]ar
2 T

= 1 E, {pr I sin(2a)t—2ﬁz)}

2T n 2w .
:E_io

2n

2 .
2 E : eak amplitude

<SZ S Eio _ (ExO/\/E) _ ExOrms < x0 p plitu
277 77 ’7 ExOArms: rms amplitllde

Average power flowing through any area S normal to the propagation

direction: 2
S, =20 (W]
. 2 7

20



* In the lossy dielectric, £, and H are not in-phased.
E . =E_e ™ cos(wt— Bz)

Let n=[n<6,

= H

y

‘77‘ e cos(a)t — Pz — (9,7)

2

E
S.=EH, = ‘;T cos(a)t—ﬂz)cos(a)t Lz— ) (74)

= 2‘77‘ [cos(Za)t 2Pz - )+COS(9 ]

<—cos Acos B =[cos(A+ B)+cos(4—B)]/2

Time-average power density:

<S >—lJTE—jOe_z"Z[cos(2cut—2,Bz—2<9 )+cos@ ldt  (75)
z T 0 2 7/]| n n

e ““cosd  (76)
2| '
:
<§ >=—Re| F . xH W/m (77)
4 2 8 8
E, H,= ¢ 2 I )
> phsor fo rr}) = 72052% B
2
= < §>:lRe[E 0€ e jﬁza X —== ExO e azej(ﬂzw )"y] lRe[Exo 20z Jﬁna ]
U ]
2
_ LB e cosf a,
2 |n

21



11.4 Propagation in Good Conductors: Skin Effect

* Investigate the behavior of a good conductor

For example, consider nichrome (Ni) o= 105, f= 100 MHz, &, = 90

o)

10°

we'  27%x100x10° x8.854x 10> %90

—

—

=199.7x10* >> 1

—

J oo >>J

 Propagation constant:

jk=joJue' 1= -2~ joJue -]« (59)
we weE
= jN-jouc = j-2jx fuc
=1290"x2£ - 45 [z fuoc =245 [z fuc
=(1+ j)rfuo =a+jp (78)
a=p=rfuc (79)

 E.-component traveling in the (+z)-direction,

E = Exoe_mz cos(a)t —«/nf,uaz) (80)

dielectric

conductor At z=0, E . =E  coswt.

Since the displacement current is
negligible in the conductor,

—

J=cFE

z=0

22



= Conduction current decreases exponentially in the conductor.

« Skin depth (or the depth of penetration):
. Lo < J. =0oE e " cos(a)t — 1/7rfyo-z)<>ﬂ /\1>

Jrfuo o P o VT _ - 1 :l
JTfuo o

[Ex.] Copper o= 5.8x107 [S/m]
1 _0.0661

oy \/ﬂ,ua\/_ Jrxdrx107x58x107Jf  f

At f=60[Hz], &, =8.532 [mm]zé[inch] — HAgHe

o

4 A
7 0]

olrﬂm

Tm

0.0661

/1010

= All field intensities in a good conductor are zero at distance greater

f=10[GHz], &, = =6.61x107 [m]

than a few skin depths from the surfaces.
= Electromagnetic energy is not transmitted in interior of a conductor

and travels surrounding conductor.

* Velocity and wavelength within a good conductor:

o= =l:\/7rf,u0':2—ﬂ

23



[Ex.] For copper at 60[Hz]

1

A=27m8=2n =27 x8.532x107 =0.0536 [m] | <0.5x10” [m]= A,

muo f

v=w8 =27rx60x8.532x107 =3.216[m/s] | <3x10° [m/s]=v,

[Ex. 11.6] Sea water [f=1MHz, o=4S/m, ¢ =381

5 H,0+ NaCl < H,0+ Na* +CI”
G charged ions

(5_): °c_____ 4 - =887.7 >>1
g' we'  27x10°x81x8.854x%10
— Good conductor
1 1
=0.25m —RF communication

0= =
\/ﬂfﬂG \/7T><1O6 x4rx107 x4 in seawater is quite

A=275=158 m <<300 m=4, impractical.
(‘.‘5 oC LJ
v =wd =27f5=1.58x10° m/s <<3x10° m/s=v, Vs
— f=10Hz, §=79.6 m, A=500 m<<<A,=3x10"m, v, =5000 m/s
* A suspended wire antenna of length shorter than 500m is sufficient to
receive signal.

* Drawback: slow signal data rate. (-.- v,=5 km/s)

24



* To find H, associated with E, in good conductor,

_ U B U B ao Jou
= s .| "] o, |, .0 \No+jws'
e'l-j—) \e'ld-j—) \e-J—

E w

'

lo17) oo oo oo

) 27 f 1o 2 J2s45° 1 1
B B e 1 s

(intrinsic impedance)

E =E_e V7" cos (a)t —\rfuc Z) E Oe—geJ-(-%)
H — XS — X
_z z oo Q o7
=FE e ? cos| wt 5 (86) o0
_00 o 5 )
\/5 € €
¥

2z
<S. >:lITG—5Efoe o cos[a)t—ijcos a)t—i—zjdt
T 2 5 5 4

lo1) = T
2
=——F° e 9 cosz

2\/5 x0

1 _2z
:Z 5Efoe 0

25



* Total average power lossin0<y<b,0<x<L:

Pertect Good

lielectric onductor _ (oL g2 o
dielectric conductor PLﬂV_J.S< SZ>dS—jOIO4G5Exoe ) dxdy

L - i‘o‘ 5bl§l§_§9“ '

T 1 + {xﬂ — 1 Sh J2 8’8
0 \ICI\J o T 40 on ¢ (88) . =0oF_ (. good conductor)
) 1 ‘ T £ = O'Exoe_% cos(a)t —gj
T T f I f +
b ™\ 0 -z z
=" To find total current =Jwe COS(“” _Ej

[=[7]J dvdz
where J = Jxoe% cos(a)t —;j
st = Jer_%e_jA = Jer_(Hj)%
o pb o eb _(1+j)7
L= [ Jsdvdz=]"| Jge odydz

_ g pE0) )

J bo  J bO -7
e = = e
‘ o 1tJ V2

4




T
[1=J'S= Jbé'— cosa)t——
\/_ [ 4)

T

J
J'="2 cos| ot ——
o

Ohmic power loss per unit volume: J-E < poynting vector 4]
ohmic loss® o|n| AFH.

Total instantaneous power dissipated in the volume:

' n2
B (t)=(J"“E)bLS = 7 Lprs =YV prs

o3 o}
2
= ibL5 cos’ (a)t —~ 1)
20 4
J2
P, = 4"0 bLS (same result with Eq.(88))
’ o

= The average power loss in a conductor with skin effect
may be calculated by assuming that the total current is
distributed uniformly in one skin depth.

(Xﬁ}@‘ﬂ SHel A= Fo] polar Holrk LYl F3FAE slabol skin effectE 7]‘%‘“1191)
A3 skin effect7b §lo] o] polar Aol7} LoJHA 77 691 slab®] A&} 2},
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[Ex.] Circular cross section copper wire.

L
R=— =1 [MHz]

a=1[mm], L=1[km], o =58x10’

! / 3
R — 10 ~5.488 [Q]
0 | “ 58x107 xzx10°
2ra
O = L ! =66.09%107°
7 f uoc \/7r><106><47r><10_7><5.8><107
3
" R, L 10 =41.52 [Q]

F T oomas  5.8x107 x27 %107 x66.09x10°
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