Chapter 12. Plane Wave Reflection and Dispersion

12.1 Reflection of Uniform Plane Wave at Normal Incidence

* A uniform plane wave is incident normally on the boundary

between regions composed of two different materials.
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» Moving (or transmitted) wave in region 2 toward (+Z) -direction:

—jkyz
{ El,=E,e " (3)
+ J O,
¥ 20 —jkoz < =,/ﬁ
H,,= 7720 et 4) 7 0, + jwe,
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* (Special) Boundary condition at z = 0:

—
.

i) E -field in region 1, 2 must be equal.

) — [E* = E* (tangential component) z=09dA ad3E=
e (&) T @, @49 Azl 2A =,

i1) H -field in region 1, 2 must be equal.

E* E*
Eq. Q)& (4) » —L=—2 = p =7,
m n,

= This is very special condition = Not in general.

» Let define reflected wave:

—

« Poynting Vector E; xH| &

- - ik, z _ — B
E=Eqe” (5)  wHA7EWd A -field= —a,olofoF g
By o iy _a
e (g axci)=-d,
U

where E_,: complex quantity (ukx} 7 4=¢l] <27)



* Boundary condition:

1) Total electric field intensity at z =0

E =E_,
= E  +E_ =FE,
- ExlO + Ex_IO = Ex20 (7)

i1) Total magnetic field intensity atz =0

Hysl - HysZ
= H;Sl +H = H;Sz
— E;_IO E;IO — E;_ZO (8)
n, m 7,
Ei = Eho+ By =2 E -2 E,
1 m
(1 + 772 jE— 772 +771 E— [772 I\JE;-IO _ 77 771 E;—lo
m m m 1
-
ExlO 1 ExlO
m,+n,

* Reflection coefficient (I"): ratio of the amplitudes of the

reflected and incident electric fields

E-
— a0 _ ‘r‘ 7 (9) :complex (complex?l 4§ 91441 ¥
+ .
ExlO 772 +771 phase shift where 7, = _JOHi

]a)é‘;- +O'l'



_ +
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* Transmit coefficient (7): ratio of the amplitudes of the

transmitted and incident electric fields

E-‘r—
r=1+T=—2= 217, =|z]e’ (10)
ELo m+n

[Ex. 1] {Region 1: Perfect dielectric

Region 2: Perfect conductor = o, =

J O,
= |—° = =O
7 \ o, + ja)gi/ S/

n+m,

E;zo N region 29| A= E —field 7}
v 0 = En=0 / cqa2 2
x10 = skin depth & 9 gko =
M ZV3F 2= Q] o
I = 772 _771 =—1
mn,+mn

E.,=-E,, = Allwave is reflected

E =E  +E_,

xs1
S N —ipz _E+loejﬁ’1z perfect dielectric  jk, =a, + jB, = jB
X X
Bz —ibz
e —e "
(]2) ; ExlO
j2

— (o IP 1
= (e — M )E* =



=—j2sin fzE ], (11)

instantaneous - g (; 1y Re [(—j) 2sin(B,z)EL, {cos i + jsin a)t}]

form

=2E!  sin( z )sin ot

= E;rlo _cos(a)t - ﬂlz)_ COS(wt t+ IBIZ)] — sin Asin B =%{cos(A — B)—cos(4 + B)}

B s B

I% Wave traveling in the £z direction

For ﬂlzzzﬂq—ﬂz=mﬂ (m=0,x1,£2,--9), E =0

WaveZE A7t gt term?} F3Hz)ol te termO =
. Biz=nrx o] A[{tel] #AQIC] E =0
cot=mr,-Piz=mr °l oJs(A=Z tf= F =1)

[e)
Eg=0°] 9 F &

Null locations: z = mA;/2

= Standing wave.

« For Eq =0,
2 A
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A, 2
_ A
Regmn'I
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. —+ _ —+ - —_ —
Since Exsl _Hyslnl ’ Esl - Hysl’]l ’

X.

E+
_ =x10 (B2 j/ﬁZ)
H,  =— (e +e
Ul
. +
Instantaneous H = 2 x10 cos ﬂIZCOS ot
form y n,

[Ex. 12.1]

= a,=0=qa,

i . EY. . T
Hysl — gt o /hz +Hysle]ﬁlz = Zxsl ,mjhz _ Zxsl L ibiz

e
ysl
T m

+

— %(e_jﬁlz _rejﬁlz)

«— ['=-1

+
= Eust (i o0
m
Et . o/Pz 4 oibiz Et
- =2"5Lcos Bz
m 2 m

2z

— H 1s also standing wave

and 90° out of phase with E .

Region 1, 2: perfect dielectrics.

7 =100[Q], 7, =300[Q)
E', =100 [V/m]
L p_m—m _300-100 _

E, =50 [V/m]

Cp,4m, 3004100




Hiy =20 2 0y
n, 100

H,,= B 0 —0.5 [A/m]
mn, 100

2
S<S) >= lRe{EY xH }|= 1By, 1 CGH = Ly 100x 1 =50 [W/m*]:incident average power
2 s 2 2 2
AN 1 >
<:J\S'1rl_§>: —EEmeylo = ) x50 x (—0.5) =12.5 [W/m?]: reflected average power

—Zz=0% st

* Region 2.
El, = 27, E', = __600 x100=150 [V/m]
n+1, 100+ 300
H) = By (150 0.5 [A/m]
n, 300

1 .
S< 8, >= EE:zo 0 = 5 x150%0.5=37.5[W/m’]: transmit average power.

<S,>=<8,,>+<S8,>  IAAH=vx A+ AL A H
= EggtEq = Ey : AAMNA region 1 oM E-fieldd] -
= region 2 oA 9] E -field?] 3
* General rule on the transfer of power through reflection and

transmission.

- Incident power density,

<8, >=~Re| ELH,} = 1Re{E:m %E;:;} - 1Re{i*} Ll
2 2 m 2 m




- Reflected power density:

1 | 1 o
<8, >= _ERG{ExIOHyIO }:ER {FExw s E}, }
=lRe 1
2 m

- General relation between the reflected and incident power

xlO

I

<8, >=<Ss,> (15)

- Transmitted power:

<, >:lRe{E;20H+20 }_ Re TE;O : T*E;o* :lR 1 E;rlo ‘7‘2
2 772 2 772
Re{l/nz}‘ ‘ { 1 }E;Oz Re{l/nz}‘ ‘ <S>
Re{l/n;} m Re{l/n;}
H( /J "~
(LIl I \ <8, >= - (772772)\1\2<Sh.>
2(/+/j (m+m)
h h (77177T)
2
n,+
= :77; 77? o ‘ ‘ <S> (16). To0 difficult to calculate

< Py, = ( - ‘F‘Z )Plfav (17) : Alternate method.



12.2 Standing Wave Ratio
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PROBE AND -0 line
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1 / . \ [
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e Perfect short©]™ I'=-1°] %o standing wave 7} .
0<|Ex|<2|Eso]

» ek 919)9 load7h 2RITHY §lofo] AEEe dEH L ¢l
Az A .

1A region 1914 = traveling wave + standing wave & Elj 7} .

> Eq >0

* Standing wave ratio: ratio of the maximum and minimum
amplitudes of electric field intensity



* Total electric field phasor in region 1

region 1
E . = E+1 +E (perfect dielectric)
=E e ’" +TE e (18) E;,
.

x1

Reflection coefficient:
r="n=" =\F‘ej¢
M+
where 7,: positive real, 7, : arbitrary complex
s * Ifregion 2 is a perfect conductor,

_ J O,
7, —1/ .
02 +]a)52

* If 772 is real and less than #;,

12

0 = I'=-1=147x

r=|T|/x «T=L"h_ ANz
m, +1

N e If n2 1s real and greater than 7,
=T |£0

 Revised total electric field phasor in region 1:

ExlT — (ejﬁlz + ‘l‘“ei(ﬁ12+¢))E;’10 (1 9)
*1T | max - (1 T ‘F‘)E;—IO (20)
= -fz.. =Pz TP +2mr (m=0,£1,£2---) (21)
4

— Bz = E +m

10

region 2
(any material)



= —i(¢+2mn) (22)

z max
25

€ 2, E 2 do9= 2z &3,

-If =0 = TI':realpositive = n,>n, &(n,,n, real)

= Voltage maximum is located at the boundary plane (z = 0)

(.- @m=0)

mi mri mA,
AZmax:_ ﬂl :_27[/21:_ 2 (ZmaXpOint%‘q Z_]._Z:]T)

- For the perfect conductor (p=7) <« I'=-1=1~4x

¢

T
—pz.. =—+mr| =—+mx
2 jor 2

(BAEANAN —a27bE Gz oA maximum point HAY.

w 3n S« T
Bz === .. _ __
ﬂl max ) 7 ) (@ m=0 s Znax Zﬂl )
* Voltage minimum:
E . min (1 - ‘F‘)E;o (23)

= =Lz =Pz, TP+ +2mr (sz, +1, i2,---) (24)
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1
z. =—2—l81[¢+(2m+1)7z] (25)

6 Zmin: Exsl,min% 02—0—7]}15 z }}E%}\-.

- For the perfect conductor,

N=-1=1£4-rn = ¢g=—1

. : 1
= Voltage minimum is found at z=0 |Zmin = [-7z+7z]=0

24

= I": real negative = 2 <1 & (1, 2: real)
* Revised total electric field:

E. = (e—jﬂlz n \F\ ej(ﬂ1z+¢))Ex+lo

XS

¢

_i? b )
= E;O(l - ‘F‘)e‘jﬂlz +E., F‘(e 2pib ejzejﬂlzjej2

¢ 9

) f jE bz S Bz
= (1= [T)ES e + 2T|E? e € +2e e
X
= (1-|T|)ES e + 2T E e 2 cos( Bz + gj
instantaneous X
form > E (x,t):(1—|F|)Ex10 cos(a)t—ﬂlz)

N J

~
traveling wave

A< T += traveling wave

+2|T|E}\ycos(Bz+¢/2)cos(wt+¢/2)  (26)

standing wave

reflected 5 o] standing waveZS 4o 7]= A&,

12



[Ex. 12.2] Propagating wave in material 1: 100 [V/m], 3 [GHZ]

w=2rf=6rx10" [rad/sec]

Dielectric 1 Dielectric 2
€ri=4 pig) = 1. €5, =0 €p=9% pp= 1. €gr=0
V4 x1
B =oue =67x10° 2" - =407 [rad/m]
B2 = 100 3x10
sl
B, = o u,e, =60 [rad/m]
: sor: 2r 2«
E = —20e/ %% _ =t —0.05 [m
L A B 40x [m]
22T 00333 [m]
B, 60r

Ulz\/ﬂz\/ﬁ: 1 x120r =607 [Q] <« o =we"

o+ jwg, & En

1
n, = x1207 =407 [Q]
’ \VEr2

- n,—n 407 —-607x
n,+n 407 +60x

=-02=024x

= E__ will be at the boundary and repeated at half-waelength

(0.025m) intervals in dielectric 1.
Exsl,min = (1 - ‘F‘)E;—IO = 80 [V/I‘Il]
— E =(14[T]) E};p =120 [V/m] at ( z=-0.0125,—0.0375,

~0.0625, --- [m]
(Region 20| A= WEALSLZ)E §lO T2 max, mind =°] Sl

13



* Standing wave ratio (SWR): ratio of maximum to minimum electric

field amplitudes
Eurlp 1+ o7
E 7 in 1—‘F‘
Since [[|<1, s2>1
[Ex]© T'=-02 :s:it“ll:“:%:lj =1.5:1

@ ‘F‘ =1 = The reflected and incident wave amplitude

are equal.

= All the incident wave energy is reflected.
= [E, 1s zero which plane is separated 41/2.

E

x1

1s 2Exs10 which plane 1s separated 41/2.
@ n,=1n = I'=0 = Noenergy reflectded.
= s=1
@ If 1/2 of incident power is reflected. = ‘F‘z =0.5 = [[1=0.707

. 1+0.707 _1.707 _ 53
1-0.707 0.293
(SWRe WHAfAls el AE Wl vE ougtnz §iAplse] % A4

ge) wAASE 4 5 gk s )

14



Ex.] An uniform plane wave is reflected from an unknown material
to the air. The measured electric field is 1.5 m between maxima.
Zmax = -0.75 [m], s = Hu="7

2> 1=15%x2=3[m] =2 f=c//1=(3><108)/3 =108 [Hz]

or 100 [MHz]
Zmax = -0.75 [m] > The 1% minimum occurs at the boundary.
‘F‘: s—=1_ 5-1 2

s+1 5+1 5
e _2_M"
3 nu+770

=n,/5=371/5=75.4[Q]

12.3 Wave Reflection from Multiple Interfaces

» Consider wave reflection from materials that are finite in extent.

=>» Effects of the front and back surfaces.
[Ex.] Light incident on a flat piece of glass. (coated glasses, etc.)

* Let us assume all regions are

" 0 " composed of lossless media.
1 2 3

, * Electric fields in region 2:
Incident

» CHEIgY

i E_, =E,e ™ +E_ " (28a)

where B, = w,/1,&, = 0./, VEér
= 2 _ e
c

E+

x20°

Nin =

E_,, : complex

15



* Magnetic fields in region 2:

H,,=H e +H e (28b)

s

Reflection coefficient at the second interface of region 2:

I, = L7 (29)
n,+1,
> Ex_ZO - F23E;_20 (30)
. E
H )y =—= (31a)
7,
E- I
H, =- x20 _ _ 123 E;—2O
y n, n, (31b)

« Wave impedance (77,): ratio of total electric field to total
magnetic field at arbitrary position z in region 2

+ bz — L,lbz
77 (Z) — Exs2 — ExZOe T+ Exzoe j
" H,, Hoe P+ H e

%e_jﬁzz 4+ F23E£0€jﬁ22 B 77 e‘]ﬂzz + 1"23ejﬁ22

+ 2,z Pz

Fx/zo g Lo % o e " —1e’
7,

— e
7,

(cos B,z — jsin B,z) + u(cos B,z + jsin f3,z)
s+,

—'n o -1, .
(cos B,z — jsin B,z)— 22 (cos B,z + jsin f,z)
M+,

16



(75 +n,)(cos B,z — jsin f,z)+(n, —n, )(cos B,z + jsin B,z)
2 (75 +1,)(cos B,z — jsin f,z)—(n, —n, )(cos B,z + jsin f,z)

/27\773 cos f3,z — 1/277\72 sin f3,z
;27\772 cos 3,z — ]/2\773 sin f3,z

773 Cosﬂzz_jnz Sinﬂzz 32
=1, —— (32)
1,008 B,z — jrg,sin 2
_ - jnytan Sz
=1, .
n,— jn,tan 3,z

* Boundary condition at z =—/,

xs1

Hy+H, =H, (33b)

sl

{ E' +E. =E._, (33a)

= El+E  =E,(z=-1) < fromeq. (7),(8)in text

— region 2 9% ElLg,Eqg 850 JoB=E E ., 2 EA

E+

E, E =—/
Hy+Hyy=H ,(=-) —» =00 w(2=71)

y10
U U n,(=1)
where E,,E_,: amplitudesof incident and reflected
fields jn region 1.

* Input impedance (7,)=7,,(=) to the two-interface combination

E+

x10

E;IO _ E. ,(z=-1I) Ex+10 +E

m m T i

R O B | 1 1
E (_ __j =E. (_ + _j
o T M Th

17



E+ ’71’}1 B 771 — E* 771'}1 + 771

x10 x10
E_ . J—
M0 T = M =1 (35)
Lo o * 7
(o= 1y, S Pl ;510 il
.= Z=—l)=
where T =71 & 17, €08 Byl + jr; sin 5,1

* In case of 5in =11, I'=0

(36)

= No reflected power ( P = (1 —~ ‘Ff)Pm) = Matched

* Suppose that 77, =7, and f,/=mnx (m:integer)

27 mA
[=""]=mnr or [ =——2 37
B, 2 ( 5 ( )j

1, cos B0+ jn, sin B,/
nin = 2 . .
n, cos B, + jn,sin S,/ Slem
=1, L ,

7,

=1, = Matched.

Ex.] Antenna inside of the aircraft.

* (Refractive) Index:

n=\e (38)

18



For lossless media (¢,” = 0 and - = 1),

p=k=ofus s, ="~ (39)

BT (40)

1
e Na

Phase velocity and wavelength in a material of index n:

1 1 c
v = = =— (41)
’ \/ﬂogogr \//uogo \/g n
A=A (42)
fonf on

Ex.] Fabry-Perot interferometer: optic filter which transmit spcific

current [

= —| [ wavelength satisfying
input output the condition. A=A, /n=21/m
- - 5
mirror——> <—— mirror

\_'_l

Febry-Perot Amplifier

IV B T
meb T m=1 m m(m-=1) m’

where m: number of half-wavelength in region 2 or

m=2l/A=2nll2,
Ao: desired free-space wavelength for transmission.

19



Free-space wavelength in region 2:

2 A A,

A, =—=2—=— 43a
oot T AP 2 (130)

Free spectral range: wavelength in free space

Az :nioz/nz _ Ay

21 21 2nl

(43b)

[Ex. 12.4] AA =50nm, A;=600nm, (4=600%50nm)
L » Red part of the visible spectrum.

Febry-Perot filter: n = 1.45

Required range of glass thickness?

= Optical spectral width A4, >AA (0 2= HHFe] 57 B5F
]_

2

22
—=A4, > A4
21

2
600 z
2 _( \/1.45j 6007

nl< =

= =2.5x10° nm=2.5um
2AA, 2x50 nm 2x1.45x50

/1

» Another matching condition:

For pB,/l=02m- 1)% ( m:integer)

20



27 T
,le—/l—l—(Zm—l)E (44)

2

= [=2m-1) 4 :odd multiple of a quarter wavelength

4
. 17, cos B, + jn, sin S,/
" ’ 772 COS IBZI + .]773 Sin ﬂ2l l:(2m—1)/1—2
4
n, 1
=1, ]_2 === (45 <« n,=mn, (formatching)

JMs 1
n, =N, =M1, (46) : quarter wave matching.

[Ex. 12.5] Coating glass. Transmission wavelength from air to glass: 570 [nm]
n3 =145
Required index for the coating and its minimum thickness?

= n,=377Q (free space), n,= f% =260 (glass)

1, =i, =~377x260 =313 Q)

A, = 70 _ 475 nm
1.45

A
l=f2119 nm=0.119 yum : coating width

21



* Multiple-interface situation

a
A

! Iy

7 3 73

—_— - .
Incident Mina Wi

» ENErgy

— Ua +1p) 1y

774 COS ﬂ3lb + 1773 Sin ﬁ3lb (47)

Step 1) T =175, s B, + jn, sin B,

nin,b COs ﬁZZa + .]772 Sin ﬂZla

o 48
Step 2) nln,a 772 ’72 COS IBZIa + jnin,b Sin ﬁZla ( )
nin a 771
[=me 0
Step 3) Mo +10

Step 4) Reflected power: P. = ‘F‘zﬁn

Transmitted power at layer 4: P = (1 |y )Pm
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