
Engineering Electromagnetics
W.H. Hayt Jr. and J. A. Buck

Chapter 7:
The Steady Magnetic Field



Motivating the Magnetic Field Concept: 
Forces Between Currents

How can we describe a force field around wire 1 that can be used 
to determine the force on wire 2?

Magnetic forces due to charge motioning (or current)  
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7.1 Biot-Savart Law
Source of the steady magnetic field: 
1) Permanent magnet
2) An electric field changing linearly with time
3) Direct current (DC)

Differential current element: (vanishingly) very small current section 
of current-carrying filamentary conductor where cross section radius 
approaches zero.

H: magnetic field intensity [A/m]
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Biot-Savart Law (or Ampere’s law for current element)

cf.) Coulomb’s Law
A point charge of magnitude dQ1 at point 1 
would generate electric field at point 2 as like
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where P1 : current element location
P2 : (magnetic) field measurement point location
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Since the magnetic field at point P, associated with the differential 
current element IdL

,  

the total field arising from the closed circuit path is

Biot-Savart Law can’t be checked experimentally because the 
differential current element cannot be isolated.
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b

Current may be expressed in terms of current density (J): 
I = JS = J(bt) = constant

If t → 0, (sheet current) 
¥®\=×=

®
JbtJI

t
,constant)(lim

0

è meaningless    where J: [A/m2] 
So current may be expressed in terms of surface current density (K).

Current: I = Kb,
where the width b is measured perpendicularly to the direction in 

which the current is flowing.
For non-uniform surface current density, 

where dN: differential element of path across flowing current              
ò= KdNI 5/54



where K [A/m] : uniform surface current density

t

b미소전류소 (differential current element)

Alternate forms of the Biot-Savart Law
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Example of the Biot-Savart Law
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[Ex.] (Magnetic) Field arising from a finite current segment
Field to be found in the xy plane at point 2

where
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[Ex. 7.1]
o901 -=xa

o1
2 1.53

3.0
4.0tan =÷
ø
ö

ç
è
æ= -

xa

( ) ( )[ ]( )zx aH rr
oo ---

´
= 90sin1.53sin

3.04
8

)(2 p

( ) zz aa rr
pp
128.1

3.0
2

-=-= L¬ ´ = - ´ = -
ur r r r r

R x y zId a Idxa a Idxa

o1
1 9.36

4.0
3.0tan -=÷
ø
ö

ç
è
æ-= -

ya o902 =ya

( ) ( )[ ]( )zy aH rr
oo ---

´
= 9.36sin90sin

4.04
8

)(2 p
[ ]mA8

zar
p

-=

zzyx aaHHH rrrrr
ppp
20812

)(2)(22 -=÷
ø
ö

ç
è
æ --=+=\ [ ]mA37.6 zar-=

11/54



7.2 Ampere’s Circuital Law
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Compression tube connecting two current wires

Rubber plate passing through current wire

cf.) Gauss’ law:폐곡면내부의전하량유도
Ampere’s:폐곡선내부의전류량유도

Total currents passing 
through compression tube 
and rubber plate are same.
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r

[Ex. 1] Path is a circle of radius (ρ).

2 2
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[Ex. 2] Infinitely long coaxial transmission line.

P2
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Case 2: ρ ≤ a

(closed current)2
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1) H –filed is continuous at all the conductor boundaries.
2) The external H-field at outer side of outer conductor is zero.
è Equal positive and negative currents would not produce any 

noticeable effect in an adjacent circuit.
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7.2.4 Magnetic Field Arising from a Current Sheet
Current sheet

Current sheet is subdivided into a number of filaments.
Hz = 0 (⸪ By a symmetrically located pair of filaments) è Hx ¹ 0

Choose 1-1’-2’-2-1 path
or
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K2 = -Ky ay

K1 = Ky ay

Hx2 (z < -d/2 )

Hx1 (-d /2 < z < d/2 )

Hx2 (-d /2 < z < d/2 )

Hx1 (z < -d/2 )

Hx2 (z > d/2 )

Hx1 (z > d/2 ) These fields cancel for current sheets of 
infinite width.

These fields cancel for current sheets of 
infinite width.

These fields are equal and add to give

H = K x aN    (-d/2 < z < d/2 )

where K is either K1 or K2
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Magnetic Fields within Solenoids and Toroids

d/2

-d/2
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Surface Current Model of a Toroid

22/54



7.3 Curl
Incremental closed magnetic field closed path (1-2-3-4-1) of sides 
with Δx and Δy
By the some current, the magnetic field at center 
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By the same way,

: current enclosed by the path
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By analogous process, 
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Visualization of Curl

Curl meter: “paddle wheel” in a flowing stream of water (wheel 
axis points into the screen.) 
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7.4  Stokes’ Theorem
The surface S is broken up into incremental surfaces of areas ΔS. 
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Let us comprise S for every ΔS. 
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Stokes’ theorem:
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Cancellation here:

No cancellation here:



[Ex. 7.3] Portion of sphere on r = 4, 0 ≤ θ ≤ 0.1π, 0 ≤ ϕ ≤ 0.3π

Path segment 1)
r = 4, 0 ≤ θ ≤ 0.1π, ϕ =  0

Path segment 2)
r = 4, θ = 0.1π, 0 ≤ ϕ ≤ 0.3π

Path segment 3)
r = 4, 0 ≤ θ ≤ 0.1π, ϕ = 0.3π

Solution 1)
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r, f : constant
è dr = 0 = df
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Let us obtain Ampere’s circuital law from ( )curlH JÑ´ =
r r
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- Stokes’ theorem은임의의폐경로에의한개곡면(open surface)에대한면적분임.
-폐곡면의경우개곡면적 = 0, 개곡면의경우페곡면적 = 0
- Ex.) 펼친보자기(wrapping cloth): 개곡면, 묶은보자기: 폐곡면 )

ò =
vol

dvT 0 0=dvTè è (⸪v ≠ 0) è0=T TA=´Ñ×Ñ
r

open surface
closed surface

0
34/54



7.5 Magnetic Flux and Flux Density
Magnetic flux density: B

r

        HB
rr

0= m [Wb/m2]   or  [T: telsa]   or [G: gauss]

where μ0 = 4π× 10-7 [H/m] : free space permeability
(isotropic material)cf.) ED

rr
0= e

Magnetic flux: Φ [phi]

[wb]ò ×=F
s

SdB
rr

cf.) Electric flus: Ψ [psi]  (Gauss’s law: The total flux passing
through any closed surface is
equal to the charge enclosed.)QSdDS =×=Y ò

rr
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        HB
rr

0= m : relation between magnetic flux 
and magnetic field intensity

Differential form:
(Differential) Maxwell’s equations for static electric field and 
steady magnetic field:

I
BH
rr

,

(Since the magnetic flux line forms the open surface, 
the magnetic flux line is closed and do not terminate 
on a magnetic charge(s). è No magnetic flux source

0=×Ñ B
r

Gauss’ Law for the electric field

Conservative property of the static electric field

Ampere’s Circuital Law

Gauss’ Law for the Magnetic Field

where, in free space
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Maxwell’s equations in large scale (or integral) form using 
divergence theorem and Stokes’ theorem

[Ex.]                                           from Fig. 7.8(a))(
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7.6 The Scalar and Vector Magnetic Potentials

⸫

For electric field,   Q or  charge distribution E
r

E
r
V

V

C

Let us introduce scalar magnetic potential (Vm) with similarity of 
electric potential

ó

Scalar (not slope): current is constant“zero”
“zero”

(Ex. Region a < ρ < b in coaxial cable)

: (1) Curl 적용
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In free space, 

Cross section of coaxial line

: (2) Divergence 적용
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Barrier at 

cf.) Electrostatic case
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7.6.2 Vector (Magnetic) Potential

(Maxwell equation)

Time varying case
Useful in studying a electromagnetic wave radiation from antennas 
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Electrostatic potential 
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In cylindrical coordinate at P(ρ, ϕ, z) 
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7.7 Derivation of Steady-Magnetic-Field Law

Relationships among the magnetic field quantities

AB

HB
R

aIdH R

rr

rr

rrr

´Ñ=

=

´
= ò

0

24
L

m
p

* Proof of Biot-Savart Law

ò=
vol R

dvJA
p

m
4
0

rr

46/54



So

By using vector identity,
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Because of                                                            and

(← #7-42)

Replacing                       ,
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By using vector identities,

* Proof of Ampere’s Circuital Law

Since                                                    ,
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이하 이 ‘0’임을증명하는과정
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Because of                      ,

(S1은모든체적을둘러싼폐곡면. S1을모든전류가포함되도록체적을포함한폐곡면으로설정하면,체적표면의밖으로나가는전류밀도
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Comparison of magnetic vector potential with electric potential
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[Ex.] Coaxial cable
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(⸪ The current is varying for ρ,
symmetrical for ϕ,
and constant for z.)
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General solution:
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[Ex.] A plot of Az versus ρ for b = 5a
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