Engineering Electromagnetics

W. H. Hayt, Jr. and J. A. Buck

Chapter 1:
Vector Analysis

1-1



1.1 Scalars and Vectors

= Scalar: magnitude or quantity

» Complex scalar (or phasor): a set of scalar

Ex.] M260, R +jX

= Vector: identity having magnitudes and directions in the n-
dimensional spaces
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1.2 Vector Algebra

1.2.1 Addition and Subtraction

= The addition of vectors follows the parallelogram law.

(
magni%_

Communicative Law: A4 + B=B + A

__ direction B

Associative Law: 4 + (§ + E) — (X + l_?)) +C

N
\

Subtraction: 4 — B = A4 + ;,Q

Inverse of direction
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1.2.2 Multiplication and Division

* Multiplication of vectors by scalar
Distributive Law: (r +s)(A+B)=r(A+B) + s(A +B)

=rA+1rB+sA+ sB
= Duvision of vector by a scalar

A 1
—=_A
r r

= |
|
=)
|
)

= Equal: A=B or
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1.3 Rectangular Coordinate System

Right-handed coordinate system: Three coordinate axes are
located mutually at right angle to each other.

x—y—ozox— ") & 5
(Ex. Fleming’s right-hand rule) f
A Y Tama
4= 711
x =0 plane
y = 0 plane .
Origin
~ :
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Point Location in Rectangular Coordinates

Ex.] (x;, ¥1,2) 2 X=X,y =), z =z, — intersection of orthogonal
three planes

et

A

oe.-21)

¢ /

B P(1,2,3)
|
|
|
|
|
|
|
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Difterential Elements

Difterential lengths: dx, dy, dz
dlyy =+ (dx)%2+(dy)2+(dz)?

Differential areas: dS = dxdy, dydz, dzdx

Differential volume:
dv = dxdydz

—
/
ek

Volume =dx dy dz
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1.4 Vector Components and Unit Vectors

Orthogonal vector components

xly, ylz, zZlx

r=x+y+z z

/ r=x+y+z
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Unit vector: A vector having unit magnitude directed along
the direction of the arbitrary vector

Ex.] Qy ay, @z ay, etc,.

By

|

A2

Y
|
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* Vector representation 1n terms of orthogonal rectangular components

—P(1,.2,3)




= Vector expressions in rectangular coordinates

General vector, B:

Magnitude of B:

Unait vector 1n the
direction of B:

B = B,a,+Bya,+ B.a;

|B| :\/B§+B}2,+B§

B B

aB: —
\/Bg B2+ B2 B




Example

Specify the unit vector extending from the origin
toward the point G(2, —2, —1)

G =2a, —2a, —a,

G| = V(2?2 + (=22 + (—1)2 =3

aG = — = =a, — 2a, — za, = 0.667a, — 0.667a, — 0.333a,




1.5 Vector Field

We are accustomed to thinking of a specific vector:

V = va, +vya, + v;a;

A vector field 1s a function defined in space that has magnitude
and direction at all points:

v(r) = vi(r)a, +vy(r)ay + v (r)a;

where r = (x, y, z)



1.6 The Dot Product (or Scalar Product)

A-B = |A||B|cosOap

—

B

= |X cos(—0pgy) = |§||X|cos(BBA)=§-X

Commutative Law: |A-B=B-A

A-d= ‘X||6|COS(9Aa) = |X‘cos(9Aa)
(A-d)a = {|A||d|cos(84q)}a = |A|cos(8,4,) @



(Vector) Projection using the dot product: Finding the magnitude
component of a vector in given direction

- -~

B« a gives thefcomponent of B )
in the horizontal direction -

| —
: d
|
I

Magnitude of B in direction of @




= (Qperational Use of the Dot Product
A=Aya +Aya, + Aa;
Given
B = B,a, + B,a, + B.a,

-_

Find 4.B = (4,a, + A,a, + A,a;) - (B,ay + B,a, + B,a,)

=AxB ay - a,+ AyBya,-a,t AyB,a, - a,

+ AyBxﬁ, -gf+ AyBy&, -&,+ AJ’BZE)J’ -_a)z
+A,Ba,-a,+A,B,a, - a,+A,B,a,-a,

= A,B, + A B,+ A,B,

aw'ay:ay'azzaw'azzo
where

ax'aw:ay'ay:az'azzl

Note also: | A-A = A% = A




1.7 Cross Product (or Vector Product)

AxB= Q’N/;JA| |IB| sinf4p M A Alsi 0/
‘\ p sin

right-handed screw direction ’ B

Since sSin@,p = —sinBOpgy,

—

A x B = —|A||B|sin 65, ay | axs
= -|B||A| sin Og 4 ay
=-(B x A)

A X§= Xsinﬂ ﬁa—’ (-Vector37|:ré§3cﬂ)&fﬁ'ég ﬁ&!
| I ABl | N I:CI>Fo|= I:HIE_.| A 9'.
x



1.7.2 Operational Definition of the Cross Product
AXB = (A,a, + Aya,+ A,a,) X (Bya, + Bya,+ B,a,
= A,Bya, xa,+A,Bya, xa,+A,B.a, xa,
+AyBa, xa,+A,Bya, xa,+A,B.a, xa,
+A;Bia; xa,+A;Bya; xa, + A B.a, xa,

where ay xa, =a, a, x a, =a, a; X a, = a,
Therefore:

A x B = (A,B. — A.B))a, + (A.B, — A,B.)a, + (A, B, — A,B,)a,

Or... | AxB=|A, Ay A




1.8 (Circular) Cylindrical Coordinates

* Point P has coordinately specified by P(p, ¢, z).
* Right-handed coordinate

. DO >z > p >

z = a constant




* Orthogonal unit vectors in cylindrical coordinates

N
cd

(p19¢lszl)
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Differential elements in Cylindrical Coordinates

= Differential lengths: dp, pd¢, dz
* Differential areas: dS = pdpd¢, pdpdz, dzdp
A

= Differential volume:

dv = pdpdpdz S ooy dp

z+dz R

z S5 dz

ol

X

=~ [

I

" |

e I

> )
K )
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Relation between Cartesian and cylindrical Coordinates

X = pCcos¢
y = psing
=2z

Ex.] x=-3,y=4 — 2nd quadrature plane p =5, ¢ = 180° — 53.1° = 126.9°
x=3,y=-4 — 4% quadrature plane p =5, ¢ = —53.1°
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Relation between Cartesian and cylindrical Coordinates

A= Aga; + Ayay+ Aa= A a, + Agag+ A,a,

where
A, =A-a,=(Axay+ Aya,+Aa,) - a,
=Axay-a,+ Aya,-a,

E-@E Aya,-ay+Ayay,-ag

Ay

4,

A-a, = (Aa, + Ajay+ A,a,) - a, = A,
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e

>

*Qdy =COS ¢

- @y, = c0s(90° — ¢) = sin ¢

-ax’ = —c0s(90° — ¢) = —sin¢

- @y, = sin(90° — ¢) = cos¢
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Table 1.1 Dot Products of Unit Vectors in
Cylindrical and Rectangular Coordinate Systems

a, a, a,
a COS ¢ —sing 0
ay sin ¢ cos ¢ 0
a 0 0 1
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Example

Transform the vector,
B = ya, —xa, + za;

into cylindrical coordinates:
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Transform the vector,
B = ya, — xa, + za;

into cylindrical coordinates:

Start with:

B,=B-a,=y(a,-a,) —x(a,-a,)

By =B-a; = y(a,-a,) —x(a,-ay)
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Transform the vector,
B = ya, — xa, + za;

into cylindrical coordinates:
Then:

B,=B-a,=y(a,-a,) —x(a,-a,)
= yCosS¢ —xsing = psingcos¢ —pcosgsing =0
By =B-a; = y(a,-a,) —x(a,-ay)

— —ysing —xcos¢p = —psin“¢ — pcos” ¢ = —p
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Transform the vector,
B = ya, — xa, + za;

into cylindrical coordinates:

Finally:

B,=B-a,=y(a,-a,) —x(a,-a,)
= yCosS¢ —xsing = psingcos¢ —pcosgsing =0
By =B-a; = y(a,-a,) —x(a,-ay)

— —ysing —xcos¢p = —psin“¢ — pcos” ¢ = —p

B = —pay 1+ Za;
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1.9 Spherical Coordinate System

= Point P has coordinately specified by P(7, 0, ¢).

* Right-handed coordinate r->0->¢ ->r - -

/z'\"\:——..____‘k\\
// \\\ ‘\\
// \\\ \\

/ Y- \

/ \ \

/ t\ \

/ A \
[ ‘ \
/ | g
| N /

- —
e — —
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Constant Coordinate Surfaces in Spherical
Coordinates

0 = a constant
(cone)

¢ = a constant

(plane)

r = a constant
x (sphere)
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Unit Vector Components 1n Spherical Coordinates

a, X ap=0ag, Qg X ag=a,, asX a,=ay

| - )__!
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Differential Elements in Spherical Coordinates

» Differential lengths: dr, rd0, rsinOdg¢
< (r+dr)d = rd0, (r+dr)sinfdg = rsinfd¢

= Differential areas: dS = rdrd0, rsinfdrdg, |
r’sinfdfdy

= Differential volume: W

dv = r’sinfdrdOd¢ N




e

r sin 6 cos ¢
r sin 6 sin ¢

r cos6

A

Y

S
wn
Pk -
=
(-]
\-4
7 5]
gt
e
(-]
@\
v

Z rsinfcosg
r=yxl+yt 42 (r > 0)
0 = COS_] 4 (00 < 0 < 1800)
VAt +yi 422
¢ = tan” y

X
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A= Aga, + Aya,+ Aa,=Aca; + Agag+ Ayag

a,-a, =-sinb (cos¢a_x’+sin¢a3;)-a,£= sin @ cos ¢

a,-a,=sin0 (cos¢a, +singa,)-a, =sinbsin¢

~
<
|

a,-a,=cosOa,-a, = cos0O

Qg - a, = cosf coso
ag - A, = cos 0 sin ¢
ag-a, = —cos(90°— @) = -sinf

Ag - Ay, a4 - Ay, Ay - Ay Table 1.1
Length on xy-plane
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Table 1.2 Dot Products of Unit Vectors 1n the
Spherical and Rectangular Coordinate

Systems
a; ap a¢
a,- sin @ cos ¢ cos 6 cos @ —sin ¢
ay- sin 6 sin ¢ cos 6 sin ¢ CoSs ¢

a,- cos 6 — sinf 0
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Example: Vector Component Transformation

Transform the field, G = (xz/y)a,, into spherical coordinates and components

Xz Xz rsin@cos¢g X rcos0

G, =G-a, = —a,-a, = —sinfcos¢ = - , X sin@cos¢
y y rsinfsing
_ cos” ¢
= r SInf cos 6 —
sin @
B o Xz rsin@cosd X rcosf
Go=G-ap = —a,-ag = —cosbcos¢ = - qb. X cosOcos¢
y y rsinfsing
2
CcOS
— rcos> 0 _ ¢
sin ¢
XZ XZ . rsinfcos¢ X rcosb
(:;1?5 — (:} . Elqb — ____-Ellf . ilqb — ————-(-——fSlIl q¢)) — = ‘1) . X (--éiiﬁfl(i))
y y rsin@sing
= —rcosf cos¢

G =rcosf@cos¢ (sinfcotpa, + cosfcotpayg —ay)
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