Engineering Electromagnetics

W.H. Hayt Jr. and J. A. Buck

Chapter 3:

Electric Flux Density, Gauss’ Law,

and Divergence



3.1 Electric Flux Density

3.1.1 Faraday’s Experiments on Electric Displacement

= Experimental steps

1.

With the equipment dismantled, the inner sphere was given a known positive
charge.

The hemispheres were then clamped together around the charged sphere with
about 2 cm of dielectric material between them.

The outer sphere was discharged by connecting it momentarily to ground.

The outer space was separated carefully, using tools made of insulating material
in order not to disturb the induced charge on it, and the negative induced charge
on each hemisphere was measured.
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5. The inner charge, O, induces an equal and opposite charge, -0,
on the inside surface of the outer sphere. This phenomenon is
maintained for intermediate materials.

Faraday conclusion: There was some sort of “displacement” from
the inner sphere to the outer which was independent of the
medium =» Displacement flux or Electric flux: W [psi]

LW =0
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3.1.2 Electric Flux Density

= At the surface of the inner sphere, ¥ coulombs of electric flux are
produced by the charge O (= W) coulombs distributed uniformly
over a surface having an area of 4za? [m?].

= Electric Flux Density (D) : density of flux at specific surface

Metal
conducting
spheres

Insulating or
dielectric
material
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Radially-Dependent Electric Flux Density

= Electric flux densities:

Y -

N _ — Metal Insulating or

D T 2 da, conducting dielectric
r=a 4ma spheres material

(@ surface of inner sphere

T
r=b  4h*

(@ surface of outer sphere

—

D

D= Q2 a. @a<r<b
A7y
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Point Charge Fields

* Let the inner sphere make smaller and smaller, still retaining a
charge of O, 1t becomes a point charge.

= Electric flux density for a point charge

D =

0
a

r
4712

[C/m2] (0<r <o)

: symmetrically directed outward from the point and pass

through an imaginary spherical surface of area 47z,

= Compare with

E = % a,
4-7'[6()7‘2

then

DIG()E

(free space only)

[V/im] (@ 0<r <o),
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Finding E and D from Charge Distributions

" In chapter 2,

E f pudv (f Iy)
= a ree Spac n
o AmegR2 R pact Ony

= As similar manner,

vd
sz > vaR
vol 47TR2
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- o, - 8x107 _ 1438
E= a,= ——da, = a,[V/im]
2re, p 27 x8.854x10" " p Jo,

@ p=3m, E=479G, [V/m]

-9 -9
ol ap _ 8x10 Eip _ 1.273x10

27p p
@p=3m, D=0424G, [nC/m’]

d [C/m?
270 N ]
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3.2 Gauss’ Law

The electric flux passing through any closed surface is equal
to the total charge enclosed by that surface

* AS:incremental (surface) element of surface at P
AS = ASd,

D, : angled about & with AS 8/32



Development of Gauss’ Law

AWV = flux crossing AS = Dg normAS = DscosOAS = Dg - AS

Electric flux density2]
A =1%e} (=]
AS SFEEAE [C/m2) [ AS o] AT IE A

ek Tangential >
vector =

= Total flux passing through the closed surface:

v = / dV = %1 d Dgs-dS  where dS = dxdy, pd¢dz,
surf% \ ,’,.2 Sln 9d9d¢ y o

{'—H—r()ﬂkl 2t (radial J [*'HIE O| 20| %l closed surfacel| EHe }

HIoh o 2 2S5t flux HA 2 1 normal H1H d&
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Mathematical Statement of Gauss’ Law

_ f Dg - dS = charge enclosed = Q
S

Several point charges: Q=Y Qm
Line charge: Q= f prdL

(Open) Surface charge: Q = f psdS

Volume charge: 0 = f oy dv

¢ Dg-dS = f 0, dv HHHH '—f fE lectric flux
S vol

density2|
= =8 L F2| HotE

oot




Ex. 3.1] Check the results of Faraday’s experimental

E= ch‘i,,
47, r
P-si-2 a

4rr

At the surface of the sphere,

_ o . | | D
DSZ47za2 a, o _ '
ds = sin0d0d¢ = a* sin 0d6d as
D, -dS =( Q. @j (a’sin adedqﬁa,,)z 9Q inadads”
4ma 4r

2 27
_—ﬂj¢=o d¢:[%¢} =0 11/32



3.3 Application of Gauss Law:

Some Symmetrical Charge Distributions

= (Gauss’ Law

Q:ygDS-dS
S

* The solution can be obtained easily 1f

1. Dy is everywhere either normal or tangential to the closed surface, so that

Dy - dS becomes either DgdS or zero, respectively.

2. On that portion of the closed surface for which Dy - dS is not zero, Dg =

constant.

fns.dszj{Dsds:DsfdszQ

Condition 2

So that:

Condition 1

Dy

_Q
~ $.dS
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3.3.1 Point Charge Field

—

= Dy is everywhere normal to the surface and its magnitude is
constant.

0= Dy-dS =

_ D, joz” [ sin6d6dp = D, joz” 212d R

DydS = Dy $ds

sphere

_ 2 Y
=4mr Dy W\
D Q \\\ \
o o S = 2 \
4 rr )

= Since » may have any value and
Dy 1s radially outwarded,

p=-Y i F=-—2
4rr 47e,r

al"
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3.3.2 Line Charge Field

D=Da,(.ad, directional radiate
PP
Q - Cﬁ D dS D —[ sides dS T O top dS T O bottom dS
Line charge ¢ —_—
=D jszdes DS jz:O I¢:0 pd¢dz pr : A
=D 27pL i L
Dg=D, = g — O=p,L i
7 2mpL
_ Pr N l_j _ P a 4
270 2p 7
E = > 7'5: - E= 5 Pr_; ,
0P &P
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3.3.3 Coaxial Transmission Line

» Surface charge distribution at outer surface (o = a) of inner
conductor: pg [C/m?]

= Total electric flux by coaxial cylindrical conductor which 1s of
length L and radius p, where a < p < b:

L 27
%Dst:/ Dsap.appdqbdz:2wpD3L:Q
S 0 0 N ~~ Jd
dS

= Total charge on a length L of inner conductor:

L 2r
0= L:o 50 psadgdz =2rxalp, =2mpD L /

Conducting

cylinders
oDy =25 /7
Jo, _
~D=2FsG (a<p<b)

0
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Coaxial Transmission Line (continued)

* The previous result might be expressed 1n terms of line charge
per unit length.

p, =2maLps =2map;, € L=1[m]

Pr
Ps .
apL
l_jzapSC_i _ 27[615 _ 1% a
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Coaxial Transmission Line: Exterior Field

* Because every line of electric flux starting from the charge on the
inner cylinder must terminate on a negative charge on the inner
surface of the outer cylinder

_ Conducting
Qouter cyl 27 aLp S.inner cyl

7 cylinders
— 272. prS.outer cyl | .‘
d / p=>
IOS.outer ol — 4 IOS.inner cyl
b p=a

" Atp>b, 0= D¢2npL (p > b)
D¢ =0 (p > b) (. Total enclosed charge would be zero.)

" Atp<a, 0=D2zpL

D =0 (" Total enclosed charge would be zero.) 17/32



Ex.]L=50cm, p, .. =1 mm (=a), p,,., =4 mm(=b), g (in
intermediate space).

= Total charge on the inner conductor: 30 nC

Qinner. cyl 30 X 10_9
2ml  27x107 x0.5

=9.55 [uC/m?]

IOS.inner —

= Internal fields:
P _ 107x9.55x10° _ 9.55
Toop P P
P D, 9.55x10”/p 1079
7 g, 8.854x107"
E =D, =0 (@p<land p>4 mm)

[nC/m’]

[V/m] (@l < p<4 mm)
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3.4 Gauss’s Law 1n Differential Form: Divergence

Dy=Da,+D,a,+D,a,
=¢ D, -dS
QO §S >
[ DS [ [ [ [0
front~~=——— - back” le]‘i" rzg\hi— top— botront
» Since the surface element is very small, }  rx,.5

D is essentially constant over this ,
. . I
portion of the entire closed surface. |
I

. .
— — z /T
~ . / X
J- front ~D front AS front i A
= Dfront ) AyAZCZx = Dx.frontAyAZ =
( . Dfronz‘ :Dxfronz‘ x+Dyfrontay+szront z)
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X,

D, s =D, +gx rate of change D_ with x
2

Ax 0D, L L
= on +— 7
2 Ox ZJ/ N P, 2)
/7N D 5 ﬁ——lﬁ -
J“\ /);(l))co—l_ga x)AyAZ 5 q [ Ponermad = bes?
Yront 2 ax s>0 D b7 0°
Ds. worma < D/
= Consider the integral over the back surface,
= E ~ . = Ax 0D,
j ‘bac//\c ~ “back AS back — D back (\TAy AZ\?/”l 6 Dx.back - on 2 Ox
— _Dx,backAyAZ
S~ Ax 0D, Ax 0D,
_[ o =—(D_ -
“back 2 ox 2 Ox

» Therefore: f \+[ :
front dek
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* By exactly the same process,

oD
J. right +I lefi @yy AxAyAz

oD

I top +J‘ bottom = 622 AXAyAZ

= All assembled results :

L oD
§ D-dS = D, Py D |\ ayaz
S ox Oy 82

oD
:(an .9, | aDZjAV

ox o0y Oz
=0

* Charge enclosed within volume Av:

op. @D, oD

+ +—) X
( x o e ) X volume Av

112
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Ex. 3.3]

—

D=esinyd, -e"cosyd, +2zd, [C/m’] (=D,d,+D,d, +D.d,)

oD s
=—¢ " siny

ox
oD

Yy

Oy

oD, _ s
0z

=e “siny

.. Charge enclosed within volume Av = 2Av

If Av =10 m?, then volume charge is 2 nC.
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3.4.2 Divergence and Maxwell’s First Equation

The divergence of the vector flux density A is the outflow of flux from a small closed surface
per unit volume as the volume shrinks to zero.

an+6Dy+aDz~§sD.dS_ Q
Ox oy 0z  Av Av

S a limit, ox 0y 82 Av—0 Av Av—0 Av £
55 A-dS
Divergence of A = div A = lim
Av—0  Av
oD, dD, aD, D.dS
-+ - | = lim 9% = lim — =p, =divD
0x ay 07 Av—>0  Avp Av—0 A

—_—— —_———
—_ —~

g “Point form of Gauss’s law: \\)
AN _Maxwell’s first equation -~ 23/32
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Divergence Expressions in the T

hree Coordinate Systems

. oD, 8D, D,
divD = + + — (rectangular)
0x Jy 0z
, 1 9 1 3D, aDZ L
divD=—-—(pD,)+——+ (cylindrical)
p 0p p 0
divD = ~ 22D, + 9 (sin6 Dy) + e )
ivD=— —(ur°D, , sin . spherica
2 5y Fsing 90 O SNnD e
Ex.34] D=e"sinya. —e " cos ya,+2za,
. 7 _ 0Dy , 0Dy 0D —x X
divD =—=2+ — + Z=—e *siny+e *siny+2=2

0x

dy
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3.4.3 Maxwell’s First Equation: Gauss’s Law in Point Form

divD =p,
[Ex.] D= 472Q72 a,
. oD
Since divD:izQ(rzDrH 1 g (sinéD,) + 1 L
r° or rsinf 06 rsiné oO¢

sop, =0 @ r#0 (every where except at the origin,
where it 1s infinite)
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3.5 Divergence Theorem
3.5.1 The Del Operator

* The del operator (V) 1s a vector differential operator, and defined as,

v J i J N J
= —a,+—a,+—a
0x dy ° 0z

Note that:
0 0 0
V.-D= aax + 5% + a—ZaZ -(Dya, + Dya, + D.a;)
oD, oD, 0dD,

+ =2+
ox Jy 0z

= divD
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* In other coordinate systems,

. 10 10D, oD . .
V-D= ;5( pD )+ p 8¢¢ + 822 (cylindrical coordinate)
- oD
V.Dzizﬁ(ﬂz)rw 1 g (sin@ D,) + 1 ’
r° or rsinf 06 rsinf 0¢

(spherical coordinate)
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3.5.3 Divergence Theorem

= Maxwell’s first equation (or the point form of Gauss’ Law) :

divD =V -D = p,

* Gauss’s Law 1n large-scale (or integral) form

%D-dS:Q:[ Wh»:f V-Ddv
S vol vol

* Divergence theorem

%D-dS:[ V-.-Ddv
o vol
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Statement of the Divergence Theorem

The integral of the normal component of any vector field over a closed surface is equal to
the integral of the divergence of this vector field throughout the volume enclosed by the

closed surface.
%DwZS =f V-Ddv
S vol

Closed surface S
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Ex.3.5] D=2xya. +x’d, [C/m’]

Solution I)

D-dS|._y =0d - (+dxdyd,) = 0 /
z=3

jp-as=[ -+ -+l +[.,
=[,[, D], -Cdvaza)+[ [ D| -(dvaza)
+_[3 j D
0J0

2

Cvaza)+ [ [ D] -(dvdza)

3p2
(D,)odydz+ [ (D,),. dvdz

1

N 3¢l
| (D), ydxdz+] [ (D), dxdz

* 3
JOJO
* 3

0
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Since (D,)._,=0 and (D,),,=(D,),.,, : 7

%5 ds = ff(ny)x dy dz | 12 =

—f 14dz = [4z]3=12 ./

Solution II)

V- D——(2xy)+—(x )=2y
Ox Oy

V- Ddv = fo IO IO 2yvdxdydz

vol

3 p2 3
:.[0 .[0 2ydydz :_[0 Y lodz =[4z]; =12

(. H=8H 20 12 [C12] Hot7t EXH)
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