Engineering Electromagnetics

W.H. Hayt Jr. and J. A. Buck

Chapter 4:
Energy and Potential



4. 1 Energy Expended in Moving a Point Charge in
an Electric Field

To move charge O against the electric field, a force must be applied
that counteracts the force on Q that arises from the electric field.

® 0

appl

F_ =-0F

appl
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Differential Work Done on Moving a Point Charge
Against an External Field

In moving point charge Q from initial position B over a differential
distance dL (to final position 4), the work expended is:

dW=F,, dL=-QF dL =-QE - dL [J] gives pgsitive result .if
— charge is forced against
the electric field

A (final) B (initital)

The path is along an electric field line (in the opposite direction),
and over the differential path length, the field can be assumed constant.
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Forcing a Charge Against the Field 1n an
Arbitrary Direction

What matters now is the component of force in the
direction of motion.

® ~__ Force magnitude is F,,, cos(a)

Differential work in moving charge O through distance dL
will be:

dw = F, cos(a)dL =—-QE «dL | a,dL = dL 3/47
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Total Work Done

All differential work contributions along the path are
summed to give:

final

nit

A (final)
|

®
\

L@ | E

Fappl = _Q E @
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4.2 The Line Integral: Total Work Done over
an Arbitrary Path

* The integral expression involving the scalar product of the
(electric) field with a differential path vector is called a line
integral or a contour integral.

Final position

final
W= — E-dL

init

Initial position
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final
W=-0 E-dL

init

(Edl_: — (ELZiL +En0th_in0tL).ch_iL — ELdL)

where E, : component of E along a’L

W =-0[ " E,dL

init

W Q(ELlAL +EL2AL + - +EL6AL6313P°SHOH
__Q( AL + .. _|_E‘6AZ6)

-0
/

(by using vector summation)

hm
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* SLERIE 2| Point ? X[ 7 S8R AO| OfL[2t M =1 &

Final position

g9 A7t =8
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w=-0[ E-dL

(. Tt9| line segmentE FOHCH 2 L0 summation $HCHH line M -21F & Y)
* For an uniform electric field ( E),
W=-QEF- | dL
B
— — A - —
=—QFE-Ly, (BT:0, E, Lpy)
— *AHN FHO| F8R
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* Line integal evaluation example

A
/ E - dL
B

and dL =dza, +dya,+dza,

For (XB, Vg, ZB) — (an V45 ZA)?

A A
/ E-dL = / (Eza, + Eya, + Ea;) - (dray +dya, +dza,)
B B

XA YA zZA
B YB ZB
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Ex.4.1] W=? For E = ya, +xa, +2a, and Q=2

Contour 1: Shorter arc of the circle givenby x* +y* =1 z =1
Contour 2: B (1,0,1) > A4 (0.8, 0.6 ,1)

A
=> Method 1) W = —Q/ E.dL
B

yﬂ

A
/N — —2/ (ya, + xa, + 2a.)-(dxa, + dya, +dza.)
| B

I R 0.8 0.6 1
\/ :—2/ ydx—2[ xdy—4 |7dz
[ 0 [

0.8 0.6 e
W=-2 l —x2dx — 2[ V1—y3dy —0 « jwz—xzdx:x a2 ! +%sin‘lz
I 0

[ 708 ;796
:—|:X 1—x2+sin_ .X:|1 _[y 1—y2‘|‘Sin_ y:|0
= —(0484+0.927—-0—-1.571) — (0.48 +0.644 — 0 — 0)

= —0.9qJ] 0/47



= Method 2) V= )Vg = Ya = (x—xp)
Xy~ Xp

. 0.6-0
0.8—1

© W ==2[E-dL=-2[ (ya, +xd, +2d.)-(dxd, +dyd, + dza_)

y—0 (x—1) = y=-3(x-1)

_ —ZLO'gydx—2'.‘00'6xdy—4j‘11d2

=6 (x—Ddx—2["(1- %) dy

_1 0.8 7 70.6
=6 xz—x} _2{)/_)/}
2 1 6

0

-6 O°64—O.8—1+1}—2(0.6—0°36j =-0.96 [J]
2 2 6

: Same result L0/47



Differential Path Lengths
in the Three Coordinate Systems

dL =dxa, +dya, +dza; (rectangular)
dL =dpa, +pdpa, +dza, (cylindrical)
dL =dra, +rdfays+rsind dpay,  (spherical)
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Final illustration] Evaluating work within a line charge field

1) Work for moving a charge along the circular path

< _ . PL
E=Ls, = )
Infinite line 27[ €00
charge p;
final
PL
W=-0 a,-p doa
/ e 27€0p | ?
2
= PL
dL=p, dpa, = — dpa,-a; =0
Q[o 2]’[60 ¢ P ¢

(a)
=» No work !!!
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2) Work for moving a charge along a radial path (a = b)

W= -0 J‘ﬁnal P; 3 -dpc_‘i positive <

nit 2 7wE P g /

:—ij Pr d,o:_QpL’/ b

\
In— ) <(
« 27E, p 2, a/

o

~—

=

(Line changepL7f+Q O|sA|7|= Aol B2 F

source 2 F E{ energy & = HEH)

Ex.] EfE0| = If HIEO| = L2 Jt=Lf o
Ol AHSels SE2 2 JtE L X

"%Er

(b)
3) Work for moving a charge along a radial path (b 2 a)
lné > ()

- _0Op
W = a -dpa, =
Q-[b 27[5,0 p AP 2ne, @

, =
(Line changepLO| U= SEIO|M +0E O|sAI7|=
0|22 YO . 2|5 source”t L2 St HEH) 13/47




4.3 Definition of Potential Difference and Potential

* Work done by an external source in moving a charge Q from
initial to final positions 1n an electric field :

final
W=—-Q E - dL €€ FoE and Wo TV

init

" Potential difference ([V] or [J/C]) 1s a work done (by an external
source) in moving a unit positive charge from one point to
another 1n an electric field.

W final
Potential Difference = 5 = — / E - dL Volts

= Potential difference in moving a unit positive charge from B to 4:

nit

WJ{\’B\\:_J‘AE'CZZ [J/C] or [Volt] « E =

NSt w4 B
e \

target source 14/47
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= If VV,; >0, work 1s done in carrying the positive charge from B to A.
If V,z <0, the external source moving the charge receive energy.

QIOL lné, Vab:W pL b

u W:
In case of oz, a 0 27z a

" A, B: radial distance r, and r5 from a point charge QO

0 1s at an origin. 4G, 00 $) E=E,a,
— Q /—dL=dra,+trdday+rsin0dpa,
E=E.a, = a,
4regr?
dL = dra, + rdfag
T = rg B(rg, O, #p)
+7sin 6 dpay 0 -
42 T4 1 1
E VAB:_I E-dL =— derz O —
B s der e, \r, 1y 15/47

> Ifr,>r,, V,z>0: Energy is expended to bring a charge on E .



= Potential or absolute potential 1s a potential difference with respect
to a specified reference point that we consider to have zero potential.

= Universal zero reference points
@ GI’OU.Ild (E2E|H 2 2 & 2T zero potentlalo' X®2™ 2L} AH2|H 2l
HOIM £ 22 HICtS| sff =R 0| U= = FH2)
(2 Infinity point (» = )
 Cylindrical surface (side-wall of cylinder in p = )

@ Outer conductor of coaxial cable

= [f the potential at point 4 1s V/, and that at B 1s V/,

o

1 /1) 1 /1)
Vig =V, =Vy=(V,=0)=(V; -0) = g { |-~ { +— |

4re, |1, ‘o) 4re,

where V, and V; have the same zero reference point



4.4 Potential Difference 1n a Point Charge Field

= A general path between general points B and 4 in the field of a
point charge Q at the origin

Vg =— rAE-erir:—fA Erdr:—jrrA O dr = QO (1— lj

2
r3\4 d7e,r dre,\ r, 1y

point chargeJ} A 0| 2 S 2 E-field)} a, Ysto 20F =X

= Let V=0 at infinity (or » = rz = ).
, _ 0

=
dre,r,

€V,=—2—=0 @r,-»

4re 1y
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4dre,r

(T35t 0 7t AEO| U= HEHOIA 1 [C] o HtE S FotOi 2| 2 X0 A
HHCZEH r[m] A0 (e 822 sA=ESH E= €)

i Ll

NG

= A conventional method to express the potential without selecting a
specific zero reference

V = O +C,
de,r

V=V, at r=r

Bound ditions: -
oundary conditions {V =0 at r:any desired value

= Equipotential surface: A surface composed of all those points

having the same potential value.

Ex.] Sphere centered at point charge 18/47



4.5 The Potential Field of a System of Charges:
Conservative Property
4.5.1 Potential Field of an Ensemble of Point Charge
Of1f-Origin

V() =—

dre, ‘r _’”1‘

= Zero reference at infinity

. 7 91 X|=0f 0,0] UOIM E - fieldS
SEAMAZ [l test MSF 1 CE
® 25 (infinity) | A] 7 2 & 7| =0
Origin E=9)

rir
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Potential Field Arising From Two or More Point Charges

» Potential due to two charges in condition of O, at7 and O, at 7,

01 o))

V(r) =
Adreg|lr — ry| 4dmeg|r — rp|

= Potential due to n point charges

O < N SR ¢ N B o)

4re, ‘r — ’”1‘ dre, ‘r - rz‘ 4re, ‘r — rn‘ 1 47, ‘r — rm‘
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4.5.2 Potential Field of a Continuous Charge Distributions

= If each point charge 1s a continuous volume charge distribution p Av,

L(rp)Av L(r)Av o(r,)Av,
V(r) = Pu(r1)Av; N Pv(r2)Avy R P (1)
dmep|r — 1| dmep|r — 1o dmeglr — 1, |

. < p,(r)Av
V — 1% m m
D=2 i)

= For n — oo and continuous distribution,

Vir) = f pu(r) dv'

ol dmepr — 1|
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Potential Functions Associated with Line, Surface,
and Volume Charge Distributions

r')dL’
Line Charge: V(r) = / 4'0 L(r) /
Tep|r — 1|

Surface Charge: V(r) = [ ps(r)dS
S 47T€()|I' — l'/|
,01)(1'/) dV/

Volume Charge:  V(r) = /

ol 4er — 1’|

o,®)dv r—vr

vl dmeglr — 1'% r—7r
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Ex. 4.3] V=7 on the z axis

* Uniform line charge p, in the form of a ring p= a in the xy-plane

V(r):/ pr(x’)dL’

dmeg|r — 1|

with dL' = ad¢’

r = za,

/I —
r' =aa,

r-r| =V + 2

7 J‘zﬂ padg' _ LPra . [¢']§” _ LPra
O dggNat+zt 2eNad+zt 27 2gNat+z
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4.5.3 The Conservative Nature of the Static Electric Field

= Potential with zero reference at infinity
V,=-[ E-dL

» Potential difference: independent on path chosen for line integral
Vig=V,~Vy=—[ E-dL

= No work is done 1n carrying the unit charge around any closed path.

§ E-dL=0 :conservative field

(. Work 1s not done because the destination point is same with
the starting point.)

=>» Only static field (For time-varying field, it is not sufficient
(necessary).) e



EX.]

A
\ Y T} ( 2 \ VR2 T VR3 T VRl =0
g "¢
Q/ R, Ry =>» Kirchhoff’s voltage law (KVL)
, i T
S
B

Ex.] F =sinx pd y around a circular path of a radius p = p,
dL = p,déa,
— - 2 _ _ 2r . )
§ F-dL = jo sin(7zp,)a, - pdpa, = jo 0, s(7zp, )d o= 27p, sin np,
#0 (@ p, : non-integer)

(" sinwt N ™ sin(zp)= p=n (n: )Y W2 sin(zp) = 0)
=» Non-conservative field will be concerned at Ch. 10. 25/47



4.6 Potential Gradient
4.6.1 General Relation between the Electric and

Potential Field
= Potential : V:—jﬁ-dz « W:—QIE-dlj\

| p,(F)dv - DV =f(Eor py)
Cdme, | r—r

" Apply to a very short element
of length AL along constant AE

AV =-E-AL \\V//
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= ASAL — 0, AV zd—Vz—ECOSQ
ALAL—>O dL
d—V :—Ecosﬁ‘ezﬂzE
dL|_

(cosO=-1 L I L= E ~ L AtO|Q| HtskO| 1800 [, A 2| Of IH2
potential tqgf = I:H)

= Relation between E and V at any point € E = g(V)

1) The magnitude of E is given by the maximum value of the rate
of change of potential with distance.
(Ex] o = I:IfEFOﬂ [[|. yachto| XloHI:II-o|=)

2) The direction of E is opposite to the direction in which the
potential 1s increasing the most rapidly.

adV
<« — =—-Fcosl

dL 27/47




4.6.2 Static Electric Field as the Negative
Gradient of Potential

* [f AL 1s directed along an equipotential,
then AV =0, AV=-E-AL=0
=» Since ‘E‘;&O, AL #0
E must be perpendicular to this [ or equipotentialls.

=>cos@ =0, =90 = E L AL A

AL
s bor O
/, A S B

-

1
4



. av
= Since —

occurs when AL is in the direction of ay,

dLlmax
dV 1% — dv .
a4 N E=-%" 5,
dL| " dN N

* The maximum rate of increase in potential should occur in a
direction exactly opposite the electric field:
unit vector normal to an equipotential
,—{ surface and in the direction of increasing
potential

dV

E=——
dL

ay
max

% Equipotential surfaces
+20

+40
+50
+ 60 +10
70 L. o
. 80+ E points in the direction
V=+90 D) of maximum rate of decrease
v . in potential -- in the direction
e of the negative gradient of V.
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* Gradient: operation on /' by which

_E is obtained

drl -

Gradient 7 =grad T =— a,,)
dN -

E=—grad V

\

/

Unit vector normal to the
equipotential surfaces and
toward higher value

+ 30

+ 20
+10

30/47



4.6.3 Computation of the Gradient

(V2 TS Ol zero potential O] 2 ZF(x, y, 2)0ll 2|5 1 &f0] 2 E 2> V=A£x,y,2)

* The differential voltage change can be written as the sum of
changes of V in the three coordinate directions.

oV Vv %
dV = —dx + —dy + —dz
0x dy 0z

dV=-E-dL=—(E .G +E G, +E.a.) (dxd, +dyd, +dzd_)
- —Edv—Edy-E.d: « V=—|E-dL

Ex :—@—V E :—a—V EZ :_8_V
Ox g Oy Oz
E=Ed +Ed +Ead =- 6—Vﬁx+8—V&’y+8—V&'z = —grad V
Y Ox oy Oz
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ov_. oVv. oV.
grad ' = — a +— a +— a < grad (scalar) = vector
ox oy = 0z

cf) V-D= o, (scalar)

» Gradient: Maximum space rate of change of a scalar quantity and
the direction in which this maximum occurs

oc. 0. 0.
V:—ax—l——ay—l——az P P 0
Ox 8y Oz f.) V- D= (a_a +5ay+a—52J.(Dx&x+Dyay+DZ&Z)
X Z
VT = a—Tax +8—Tay —I—a—TaZ _ab, D, oD,
Ox 6)/ 0z ox 0Oy Oz
=grad T
E=-vy « E=f)

v=—("E.dL «V =g(E)
32/47



Gradient of V' 1n the Three Coordinate Systems

vy =2 +8V +8V (rectangular)
= —a, +—a —a rectangular
0x dy 9z e
vV oV _|_18V —|—8V (cylindrical)
= —a — —a —a cylindrica
PR A
N » Unit vector
oy _ BV +/1 ax\f\h L oV, soherical)
= —a, +— . tp spherica
or 06/ * T sing qu\ﬂ .

Spatial variation
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[Ex.] V=2x% -5z @P (-4, 3, 6)
V. =2(-4)*(3)=5(6) =66 [V]

E=-VV =—4xya_— 2x'd, +5d,  [V/m]

E =—4x(-4)x3]a, —[2x(-4)*]a, —5d, = 48d, —32d, +5a,

E,[=48°+32°+5° =579 [V/m]

 48G,-32d, +5a.
Yo T 57.9

— —

D=¢g,E=-354xya_— 17.7x257y +44.3a._ [pC/m?]

=0.829a, —0.553a, +0.086a,

—_

p=V-D=-354y [pC/m’]
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4.7 The Electric Dipole

= Potential due to both charges at P by using superposition theorem

zZ

A

\

P
Rl
: yo 01 (0]
R, dre, R, 4rme, R,
-y _ 0 (1 1)_0 R-R
,, / arns,\ R, R,) 4rme, RR,

= At the z = 0 plane, midway between two point charges,

V=0

(R =R,y)
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* If point P is located far away relative to distance between
dipoles (r >>d),

R>» — Ry =dcosb

V_

Far-Field Approximation

Q R,—-R _Qdcost

4ze, RR,

z=0 (or 6=90°)

dre,r’

d

To distant
point P

//{écos 0
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Electric Field of the Dipole

ov._ 1oV 1 o
or 7700 rsind 04

( Qdcos@ ~ Qdsinf _ j
_ a,

27e, 1 “ dre 1’

Od Od 2

s(2cosfa, +sinfa,)=

= (—cosba, +
dre,r dre, ¥

siné

T dy)
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Electric Dipole Field and Equipotentials

B cos
o 2

[EX.] QOd =1 — V
4re, r
E, rd9 sin@/r’ _ sin6

E dr _2cosﬁ/r3  2cos6

r

Equipotential surfac
dr T
—=2cotfdb

r

cos@ =Vr’

Electric field streamline\

Inr =2Insmf+1InC,

=InC,sin* 0

- 2
r=C;sin" 6

=» Black stream lines are for C, =1, 1.5, 2, and 2.5. | 18/47



4.7.3 Rewriting the Potential Field due to Electric
Dipole Moment

* Dipole moment

p=0d where d : vector length -Q to +Q

d-a, =dcosb

—_

_Qdcost P-a

2 2
dre,r dre,r

r

%

1 ~ (F=7") 3 .
= P- —~ where 7 : field measurement point,

r': dipole center
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4.8 Electrostatic Energy
4.8.1 Stored Energy 1n a Distribution of Charge

* Bringing a charge O, from infinity to any position region requires
no work.  (In empty (or no charge) space, W=0. - E =0)

= Work required for positioning of 0, at a point 2 in the field of 0,

O 0,

@ - R2,1 @ STt TTTTrmmmmmm T m
Charge Q, is brought into
position from infinity.

Q2Q1

Wg(2 charges) = QaVo 1 =

47T€0R2,1

where 7, : E8 X[ (1) 0, Hatol| 23t E 7} Q= MEHOIA 1 C 2
Mot 23 Ao EF X1 H(



»= Work required to locate each additional charge in the field of all
those already present;

Work for position Q3= Q3 V5, + O3 V3, +

¥ .
Qs =Ou Va1 T O Van T 04 Va5
Charge Q, is brought into
0, 0, position from infinity, with
, 0y, and Q5 already situated.
®— R2’1—® . 0, 0,, and Q; already situa te Q2
™ / ; @—— Ry ——@

R, Ry, Charge O, is brought into > _— vj//
’ \ / position from infinity, with AN N Q4/ R4,1 R 4 R
0, and 0, already situated. e R\ 3,2

@<~ @@=
Q3 R4,3 \\@/
O,
(1 Q2
where V-2, = =
1 AmegR3 1 ° . dmeg R3 2
- Q1 Ly = Q2 and Q3
: dregRy 1 ? dreg s 2 4 dmeg Ry 3



* The total work (or energy) 1s obtained by adding each contribution.

Total positioning work = potential energy of field

=Wy =0\, + OV OV, + OV + OV, + 0,V 54 e - @
: O O,
v, =0,—2 =0 —L =0V
Since 0, 3,1 O, 4z R, ) 47 R, @) 1,3 and
R,; = R5, (: scalar distance),
WE - Q1 V1,2 T Q1 V1,3 t Qz V2,3 T Q1 V1,4 T Qz V2,4 T Q3 V3,4 LR - @

Eq. ® + Eq. @:
2WE :(Qsz,l""Q3V3,1"‘Q3V3,2‘|'Q4V4,1+Q4V4,2'|'Q4V4,3+ )
OV, + OV, + OV + OV 4OV + OV, o)
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2WE :Q1(V1,2 +V1,3 +V1,4 T )
+0, (Vzl +V2,3 +V2,4 T )
_|_Q3(V3,1_|_V3’2_|_V3’4_|_... )_|_ ......

where ( ): combined potential due to all the charge except
for the charge at the point where this combined

potential 1s being found. (Zg H 97 LA (x| 2]

oS M eleh LIHX] S stof et 28 TH2)

V= Vie+Vig+Vig 4 ...
Vo=Vo1+Vag+Voy + -
Va=Vs1+Vs0+ V54 +

Va=Va1 +Vip+Vygt

= Define the “local”
potentials: 4

1 m=N

1
WE :5(Q11/1+Q2V2+Q3V3+'” ):EZQme
m=1

=

0, 0l2H= HBH2 H 10 SIXIA|7]7] 25
LHO{X| FBFS O] of8f =& Y(EL of X))o 43/47



* Energy stored in a region of continuous charge distribution:

W, ——j o, Vv

vol

By using vector identity V-(VD)=V (V-D)+ D-(VV),
:—jvadv——j(V D)Vdv_—jV(v D) dv

vol vol vol

By divergence theorem

= J[v-oD)-B -7 lav §v-Ddv=§D-d

vol

N - vol
:_i(VD)-dS/ 01| sf vis 21| KK ohoj
2 Js S?AEE:’HOP Ze

U= | = H(closed surface) 1f
1 ~ r=ow (e V=092 M2
——| D-(VV)dv k!

p) vol G
\VV——E
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Stored Energy 1n the Electric Field

1, = = 1
Wy =5jD-Edv=5jgoE2dv
vol vol
(Since V = O , D= ch?r, §—47zr2?z,,,
dre,r drr
1 — | Q Q 1 1
=®(VD)-dS == a, - Anréa,; = %—d = (
ng( ) 2] Amegr 4mr? i Sy 8mey ) T ’

1 _ N
AS r — oo, 5§(VD)-dS ~ 0)

= Differential Basis: dW, = 113-17? dv

2
dv 2
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4.8.3 Field Energy 1n a Coaxial Cable

= Calculating the energy stored in the electrostatic field of a
section of a coaxial cable or capacitor of length L

=% 2P < From Ch. 3 page 16 D_Tap (a<p <b)

:_j jzj £, "fs 0 dp dp dz

Conducting

/7 cylinders
- |
\

4
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= Another method

V" - _J‘: E/’ d’O jb

< zero—potentlal reference (outer conductor)

1 ol
e e

& p=aOlMo HEMSIUEE p/t 2 71 7Hs
a—tR)<p<a+(t2), t<<a

_lapl b yyppe L o5 _apl b to ot
=3 o lna[z]o (4] [2,0] p 1naL7z {(a+ ) —(a )}

a,os lné
a

ap,

dp—

a+

NINNIN

.
a’p;In
= nL  (same with the previous page result)

&y
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