Chapter 10. Transmission Lines

® Transmission line: carrier to transmit electric energy and signals from
one point to another
Ex.] Source «*— Load, Transmitter «*— Receiver,
Computer «*— Computer,
Hydroelectric generating plant «—*— Home
Audio System «—*— Speaker,

Cable service provider «—*— TV, Device «—*— Device

® 1) Lumped elements (R, L, C, etc.) ignores a time delay to traverse the
clements =P Per-unit-distance basis
2) Distributed elements (transmission line) can’t be ignored the time

delay to traverse the elements = Over-unit-distance basis

10.1 Physical Description of Transmission Line Propagation

» Lossless basic transmission line circuit
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- Assume the switch Sj 1s closed at =0

- At t = 07, the source voltage (Vo) doesn’t instantaneously appear
everywhere on the line but begins to travel from the battery
toward the load (R) at a certain velocity (v).

- Wavefront: instantaneous boundary between the sections of the

line to be charged or not

» Lumped-element model of transmission line

Assumptions: L1 = L, =Lz = Ls [H/m] and C, = C> = C; [F/m]
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S1On — Current through L; — Charging on C;
— Current through L, — Chargingon C; — ---
< Wavefront moving from the left to right

S> On — Discharging on (3 (Dissipating by R)
— Discharging on C> (Dissipating by R) — ---

: Pulse-forming network (dissipating on R)

Wave velocity: v=1/(LC)*> (to be proved in later.)



* Analyzing approaches
1) Maxwell’s equations: electromagnetic field method
(complete & accurate)
Ex.] Wave power, velocity, -
2) Circuit equations: equivalent voltage and current analysis method

(intuitive & inaccurate)

10.2 The Transmission Line Equations

* Lumped-element model of a short transmission line section with losses
(length : Az)

R: series resistance per unit length [)/m]
«— due to finite conductor conductivity o,
L: series inductance per unit length [H/m]
G: shunt conductance per unit length [Q!/m]
«— due to finite dielectric conductivity g4

C: shunt capacitance per unit length [F/m] «— due to ¢,



R, G: power loss components (= f (freq.))
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* Propagation direction: a:
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* 0(Eq. (5))/0z and O6(Eq. (8))/ot:
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» General wave equations: Eqs. (11) and (12)
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10.3 Lossless propagation

* Lossless propagation: (input) power isn’t dissipated or otherwise

deviated as the wave travels down the transmission line.
2> R=G=0

* Lossless general wave equation:

2 2
Ay read
oz ot
=» General solution:

V(z,t)zfl(t—i}rfz(wrij:lﬁ-I—V (14)
A% 1%

(13) « Eq.(11)

where v: wave velocity
11, fo: forward and backward z-directional travel functions

V¥, V. forward and backward voltage wave components

Ex.] As tis 7, z must be 7 for f1(0).
=>» Positive (or forward) z-direction traveling
As tis 1, z must be | for £2(0).
=>» Negative (or backward) z-direction traveling
* From Eq. (14),
Gflz of, 8(t—z/v):_1_fl. (15)
Oz O(t—z/v) 0z v

of  of oat-z/v)
ot at-z/v) ot
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* Eq. (13) <« Eq. (17):

1 . ;

7 f, =L(f, (18)

V= 1. wave velocity (19) < page 2
JLC

* Lossless voltage and current equations along the transmission line:

oV ol

—=—-L— 20 <« Eq. (5

> Py (20) q. (5)

ol oV

—=-C— 21) <« Eq.(8

= = (21) q. (8)

* Eq. (20) < Eq. (14):

ol 1oV
T « Eq. (14)
1 0 z z 1 \ .
__zg[ﬁ(t_;j+ﬁ[t+;j:|_fv(ﬁ -5) (22

* Integrate Eq. (22) over time:

I(z,t)zj%dt:%v[ﬁ (z—%j—fz(H%ﬂ:F v () o I=

N

where Lv: characteristic impedance of lossless line
> (fi + /2)7F voltage wave®©] L, (f; - 2)7} current wave©] 2L =

» Characteristic impedance (Zy): a ratio of voltage to current waves

/ 1 L
Z =Ly=L|— =[= 24
0 rc \c (24)

* By comparing Egs. (14) and (23),
Vi=27Z01" (25a)



Vo=-ZoI- (25b)

where minus (-) means backward propagating.

« Current directions in waves having positive and negative voltages:
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10.4 Lossless Propagation of Sinusoidal Voltages

* Any transmitted signal can be composed into a discrete or continuous
summation of sinusoids.

=» Fourier transformation (time domain < frequency domain)

* Sinusoidal voltage function:

V(z,t):fl(t—i)+f2(t+£j:1/++V (14)
Vv

v

Consider a specific example:

f=wl2x, fi =f,=Vicos(wt +¢),t = t £ z/v,
=V (z,t)= ‘VO‘ cos[a(ttz/ vp) + @] :‘ VO‘ cos[at £ fz+ @] (26)

For sine wave, ¢ = /2



In case of #=0,
Vi (z,t) = ‘VO ‘ cos(wt — fz) (forward z propagation) (27a)
V,(z,t)= ‘VO ‘ cos(wt + fz) (backward z propagation) (27b)

=» Real instantaneous forms of transmission-line voltage
Vior Vi =f(wt, fz)

where |Vo|: value of Vatz=0and =0
w: angular frequency [rad/sec]

[: spatial frequency [rad/m]

* Phase constant (f):
B = @ (28) :[rad/sec]/[m/sec]=[rad/m]
%

p

* Instantaneous voltage in case of 1 = 0,
V,(2,0)=V,(z,0) = |V;|cos(Bz) (29)

=» Simple periodic function with distance A

Requirement of wavelength (1): fA =27

/1:27r: 27 _V (30)

ol fi

10.5 Complex Analysis of Sinusoidal Waves

» Expressing sinusoidal waves as complex function:

usability of the evaluation and visualization of signal phase
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* Euler identity: €9 = cos(x) =+ jsin(x) (32)
= cos(x) =Re[e?] = (¢ +e7)/2=€e"2+c.c. (33a)
sin(x) = £Im[e*] = (" - e) /2j = &*/2j - c.c.  (33D)
where j = (-1)%?

c.c.: complex conjugate of the preceding term

V(z,t)= ‘VO‘ cosfo(t+z/v,)+¢] =‘ VO‘ cos[wt + Sz + @] (26)

_ Ly e etibrgion 4 g (34)
AL

"

where 7y = (|Vole?): complex amplitude of the wave

» Complex instantaneous voltage:
V.(z,t)=V,e e (35)

 Phasor voltage:
V,(2)=V,e” (36)

=» sinusoidal steady-state condition (# 1 (¢))

 Real instantaneous voltage:

V(z,t)=|V,|cos[et = Bz +p] = Re[V,(z,1)] =—; V. +cc. (37a)

 Phasor voltage:

V(z,t)=|V,|cos[er = Bz +p] = Re[V,(2)e’” ] :-i Ve +c.c. (37b)

(sinusoidal instantaneous voltage: V(z, ) = Re[V(z)e®])

11



[Ex. 10.1] Two voltage waves having equal frequencies and amplitudes

propagate in opposite directions on a lossless transmission line.

=» Phasor form:
Vi (2)=Voe " + Ve’ = 2V, cos(Bz)

Real instantaneous form:
V (e_jﬂz + e”'gz)

V(z,t) =Re[(Vye " +V,e™ P )e’" ] =Re[2 2 e’™]

= Re[2V, cos(Bz)e’” | =2V, cos(Bz) cos(wt)
=2 V(z, t)=f(z, 1)

10.6 Transmission Line Equations and Their Solutions in

Phasor Form
* Real instantaneous voltage of general wave equations:

2 2
v —LCa v +(LG+RC)%+RGV (11)(38)

oz’ t*
oV(zt) 8 N | ?
L = —Re[V,e/?e’” = —Re[V,e/ ™= =[V, cos(wt +
o ’ [Oee]at [Vse ]&[o (ot + fz)]
=—aV,sin(wt + fz) = joV,-{jsin(wt + fz)}
= Re[ jaV,e/ """ = Re[ jaV, e’ e’ | = Re[ jaV ']
a phasor

L= & o

8 { instaneous

 Phasor voltage of the general wave equations:

2
CZV; =—&’LCV. + jo(LG +RC)V.+RGV. (39)
Z

=(R+ joL)(G+ joC)V, =y°V, (40)

V4 Y

12



where Z, Y: net series impedance and shunt admittance of

transmission line as per-unit-distance

 Propagation constant:

y =J(R+ joL)G+ joC) =NZY =a+ jB (41)

 General solution of Eq. (40):
V(z)y=V,e” +V, e (42a)

* Phasor current of general wave equations:

[(2)=Ie7 +I;e7 (42b)

» Real instantaneous current:

I(z,t) = |I,|cos(wt = Bz + &) _1 (‘ 1 ej‘f)eimzej“” +c.c. :—; [.(2)e’” +cc. (43)

2%,__/
10

* Egs. (5) and (8) «— Egs. (37h) and (43)

5_V:_(R1+ng :>st:—(R+ja)L)1S:—Z]s (444)

0z ot dz
oa__ GV+C6—V = al, =—(G+ joC)V, =-YI, (44b)
0z ot dz

* Egs. (44a) and (44b) < Eqgs. (42a) and (42b)
—yVie vyl et =—Z(U, e +1,e"7) (45)

13



* Line characteristic impedance:

W_ W _Z2__ 2 _ % (46) <« (40)

Z, = —
Y A N 4
_ /M:‘Zo‘eﬂ (47)
G+ joC

[Ex. 10.2] Lossless line length /= 0.8 [m], f= 600 [MHZz],
Line parameters: L = 0.25 [uH/m], C = 100 [pF/m]
=» Because of lossless line, R = G = 0.

Characteristic impedance:

L [025x107°
=.]— =,———==50[Q
“Nc \/100><1o12 [£2]
Since y:a—I—j,B:\/(R—I—ja)L)(G—I—ja)C) = jaN LC,
a=0

B =27%(600x10%) x4/ (0.25x10°)(100x1072) =18.85 [rad/m’

6
VPZQZZﬂ(6OO><lO ):2><108 [m/s]
p 18.85

14



10.7 Low-Loss Propagation

* Eq. (42a) < Eq. (41):
V(z)=V e “e '’ +V, e e (48)

Magnitude attenuation

* Real instantaneous voltage: /\ ~

V(z,t)=Re[V.(2)e’" = VJ%—az\Pos(a)t - fBz)+ VO‘%‘” c\ps(wt + fz)

N

Forward-propagating Wave/ /

Backward-propagating wave

Attenuation coefficient: o [Np/m]

Phase constant: f (=w /v,) [rad/m]

* Lossless case: R=G=0,a=0,y=jB=jw(LC),
vp=1/(LC)P

* Low loss case: R << wL , G<<wC (butR#0and G #0)

y=a+ jf=(R+ joL)G+ joC) (41)
. R 1/2 G 1/2
= joJLC {(1 + ﬁj (1 + ]a)—Cj } (50)

2
« 1+x;1+§—%+--- (x<<1) (51

+
j20C  8w’C?

2 2
y;ja)\/LCKH.R + R +---][1+ G G

15
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Since R << wL , G << wC, RG?, R*G and R*>G? can be negligible,

y=a+jﬁ§ja)\/i{(l+ .R + R ][H _G + G’ ﬂ
J

20L 8w’ j20C  8w’C?

1 (R G 1 (R* 2RG G’
= joJLC |1+ — - 53
/ { ]Za)(L c) (Lz LC czﬂ (53)

ST R R

B=awJLC|1+ 12(R2—2RG+G2H:0) LC{I+%(£-£)}

i 8w’ | I? LC C? ol «oC

' 1(G RY
= LC|1+_| —__ —____ 54p
S(a)C a)Lj:l (545)

* Phase velocity: v, = w/f
Signal velocity: v, =dw / df «— signal distortion
=> If signal is distortionless, 8 = w(LC)*? («— R= G =0)

* Characteristic impedance in case of low-loss line:

2
, JjoL(1+ L) 1+ R + R2 5
7 R+ joL joL L j2ol 8w’'L (55)
0~ . - = Al ~ 2
joC | j20C  8a’C*

| R R G G’ 1
1+— t— | 1~ ——— || ¢ —=1-x
i Jj2wL 8Sw’L Jj20C 8w C 1+ x
1 [1(R* 6*) RG] (G R
to g | +J(_—_j (56)
w Ir ) 20c| 20\C L
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[Ex. 10.3] Transmission line with G=0, R # 0 and R << wL

Characteristic impedance:
i 2 2 :
A A S i CASNE A
cl 204\ C*) 20C| 20\ C L
L =0,R<<wL

~ £ 1+L(_£j:|;‘zo‘ej9
C|l 20\ L

where |Z)|=,/L/C and 6 =tan"'(-R/2wL)

10.8 Power Transmission and The Use of Decibels in Loss

Characterization

» Consider the forward-propagating voltage and current term with some

phase shifting.

P(z,t)=V(z,t)I(z,1) :‘VO‘ ‘ IO‘ e% cos(wt — Bz)cos(wt — fz+6)  (57)

 Time-averaged power <P>:

<P> = %IOT‘K)‘ ‘10‘ e >* cos(wt — Bz)cos(wt — Bz + O)dt (58)
_ % [l 1| e [cos(@er ~ 2z + ) + cos(O)ldr (59
! ‘VO‘ e>“ cos(6) [W] (60)

1 —20Z
=§‘V0H[0‘e 222 cos(8) A

|2

where T'=27/w
» Another method to obtain the instantaneous power

17



phasor voltage: V,(z) = V,e “*e " (61)

phasor current: 1 (z) = I,e “e " = V—Oe"”e_jﬂ : (62)
0

where Z, = |Z,|e”’

P :lRe VI (63) :time averaged power
< > 2 ss

1 —az —jBz V* —-az i Bz
=—Re{V,e “e ™’ e e
2 ‘Zo‘e /

= lRe Py ez‘”eﬁ} = A e % cos 6 (64)(60)
2 |z

. plaz :lVO—I/O*e—Zaz COSQ
2 |z,

e—2az :<P(O)> e—2az (65)

z=0

> 1z, #) and I(z, 1) = f (e)
<P>=f(e)

» Power decreasing ratio:

<P(Z)> _ 2az _ 1p-Kaz
<P(O)> =e " =10 (66)

Setting az = 1
e?=10" = x=Ilog,(e’)=0.869 (67)
P(0
Power loss (dB)=10log,, P(—)q =10log,,(10"*) =10(xaz)

(P(2))

= 8.69az (68)

18



1 ‘VO ‘2 e 2% cos 6
2 |Z,| )
Power Loss (dB) = 10log,,, . z=0
1 Vsl e % cosd
21 _
V(0
=20log,, |: }VO Eziu (69)
0

where [V,(2)| = V;(0)|e

[Ex. 10.4] Insertion loss of line with a 20 m length: 2.0 dB
(P(20))

(P(0)

b) Power fraction at the midpoint: 10%!=0.79

=10"? =0.63

a) Power fraction:

c) Exponential attenuation coefficient:
o 2.0dB
(8.69dB/Np)(20m)

=0.012[Np/m]

19



10.9 Wave Reflection at Discontinuities

* Voltage wave reflection from a complex load impedance

Z, Z, = R + jX;

Characteristic impedance of line: Zy

Load impedance at z=0: Z;, = R, + j X,
* (Phase formed) Incident voltage wave on the load:

Viz)=V,e e’ (70a)

Reflected voltage wave from the load:

V,(2) =V e e (700)

Phasor voltage at the load (@z = 0):
V=Vt (71)

* Phasor current through the load:

L=lytly =y Vo)== AV 40,1 (72)
0 L

L

20



* Reflection coefficient (I):
.
v,

1

0i

0

0 0

V;)i I_I/Or :I/Oi 1+K)r <« (72)
ZO I/Oi ZL Voi

ZL _ _ ZL _ZL_
Z_(l N=0+TI) F(1+Z_J__ 1

Z,
Z, _Z,-7,
= ZO ‘r\em (73)
ZO
» With Eq. (71) and (73)
Vo=V +Vy, =Vy + 1V, (74)
* Transmission coefficient (7):
Ve VAT e T2 27
v, v, Z 47, Z,+7,

* Circuit design goal: No reflection at load

=2>0=0 =7, =27

=>» (Impedance) Matching !!

- F

* Incident power with Eq. (64), z= L and line input z = 0:

<P> IR {VV 2aLej9}:l‘VE)‘ —2alL

Z)

2|z,

21

cosd

(76a)

(75)



V. =
Zy Z, = R + jX;
| - Vr i
! l
z=0 z=L
Reflected power:
() =Lre {V‘ZV‘ emeﬁ} Ire {(FV‘)Z(F‘V) Me,-e}
0
_\rf;‘m “L cos @ =(P)|IT (76b)
0

Reflected and transmitted power fraction at the load:

<P> I =1’ (77a)

\/\/

Sqv

=1’ (77b)

?o\

)

» Reflection coefficient at the connection of two semi-infinite lines:

Z,—7Z
1-‘ ZOZ " ZOl (78)
02 01

22



[Ex. 10.5] Lossless line characteristic impedance: 50 Q
Load impedance: Z; = 50 - j75 Q
Incident Power: 100 mW
=>» Reflection coefficient and transmitted power:
Z,-Z, 50-j75-50  —j75
Z, +7Z, 50-;75+50 100- ;75

(R)=(1-Irf ) {7)=[1-(0.61(100) = 64 mW

r =0.36—j0.48 =0.6¢ /"

[Ex. 10.6] Two lossy lines are jointed end-to-end.
Line 1: /; =10 m, loss rate = 0.2 dB/m
Line 2: [, =15 m, loss rate = 0.1 dB/m
Reflection coefficient at the junction: I'=0.3
<P>=100 mW

=> (a) dB loss of the joint:

1 1
L. (dB)=101lo ——|=10lo —1[=041dB
J (dB) glo{l_‘r‘zj g10(1_0.09]

Total loss of the link:

L, (dB) = (0.2)(10) + 0.41 + (0.1)(15) = 3.91 dB
(b) Output power: Poy = 100 x 10031 =41 mW

23



10.10 Voltage Standing Wave Ratio

» Coaxial slotted line

- Ability to measure voltage amplitudes according to the position.
- Ruler
- Measuring items

1) Maximum & minimum voltages

2) Distance between the maximum (or minimum) and the next

maximum (or minimum) voltage point

Slotted
50 € line

\ : Load or
:D short
circuit

Probe and
carriage

* Voltage standing wave ratio (VSWR):

A ratio of maximum voltage amplitude to minimum voltage amplitude

* Case study

1) Case 1: The slotted line is terminated by a matched impedance.

- No reflected wave voltage

- Same voltage amplitude in spite of different instantaneous voltage
2) Case 2: The slotted line is terminated by an open or short circuit.

- Reflected wave voltage

- Different voltage amplitude

24



* Derivation of the (total) voltage at the specific point
- Load position: z=0
- All measuring point z < 0
- Input voltage wave amplitude: V)
- Line impedance: Z (real), load impedance: Z; (complex)

- Total phasor voltage:
V(@) =Voe " +T Ve (79)

- Complex reflection coefficient
1-* _ ZL - ZO

— =11 e/ 80
Z, +Z, He (80)

Ex.] Z, =0 or Z; (in case of only real value) <Zy —¢=n=x

Z; (in case of only real value) > 2y — ¢=0

V.(z)= Voe—jﬁz n FVOejﬂZ =V, (e—jﬂz n ‘F‘ ej(ﬂz+¢))

=V,e’”? (e_jﬁze_””2 + ‘T‘e’ﬂze’wz) (81)
L v, /92 ( o P92 \F\ /P 19/ ) —V, (1 _ m) L
e Py v, e Py v, m o/ (Bz+9) _ v, e Py v, ‘1—‘ o 1Pz

(1=Ir1)
(1-r)
=V, (1-|r|)e™” +¥, [T|e’ ¥+ + ¥, || e
( I )e‘jﬁz +V, ‘F‘em/z (ejﬂzej"”2 +e‘jﬂze_j¢/2) (82)
(1-Ir)

e /7 421 ||e™? cos(Bz + ¢/ 2) (83)

25



- Real instantaneous form:

V(z,t)=Re[V,;(2)e™"]
=V, (1-[T"|) cos(wrt — Bz)+2|T|V, cos(Bz +$/ 2) cos(wrt +$/2) (84)

-
traveling wave standing wave

Standing wave: the reflected or back-propagated wave interferes
with an equivalent portion of the incident wave to form a

standing wave.
 Phasor-formed incident voltage with Eq. (79) and (80):

V() =V, (e [T (5

Location of the minimum voltage amplitude:
_IBZmin:ﬂZmin+¢+ﬂ-+2mﬂ- (m:O, 19 29)

=—§{¢+(2m+1)n} (36)
Minimum voltage amplitude:
V(o) = V1= 1) 87)
In Eq. (84),
ot — Bz = —ﬂx[—ij{¢+ @m+1)z} =0t + gi+ ;—(Zm )
Bz +§:ﬂx(—$j{¢+(2m+l)ﬂ}+g=—%(2m+l)ﬂ'

26



Instantaneous voltage at the minimum point from Eq. (84)

V(z,. ,t)= V( —[T|) cos(ar — Bz) + 2|[|V, cos(Bz + ¢/ 2) cos(wt +$/2)|  (84)

Vo Vo
traveling wave standing wave

Z=Zmin

=V, (1—‘F‘)cos{a)t+g+%(2m +1)7z}+ 2|0\ ¥, cos{(2m+ 1)z / 2} cos(wt + $/2)

V, (1-|T]){cos(t + ¢/ 2) cos {(2m+ 1)z / 2} —sin(at + $/ 2) sin{(2m + )z / 2}}
+ 2|01V, cos{(2m +1)7 / 2} cos(wt + ¢/ 2)
7, (1-|T)sin(er + ¢/ 2) (88)

 Location of the maximum voltage amplitude:
—Pz . =Pz +P+2mx (n:O, +1, i2,---)

max

= —ﬁ((b +2mx) (89)

Maximum voltage amplitude:

Vir (Zow) = Vo (1+ T (90)

In Eq. (84),

wt— Pz :a)t—ﬂx(—ij(¢+2m7z):a)t+§+m7z

Bz ﬁ—ﬂ (—Lﬂj(¢+zmn)+§ mir
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Instantaneous voltage at the maximum point from Eq. (84)

V (Zyaeot) =V, (1| T ) cos(@t = Bz) + A T} V cos( Bz + ¢ / 2) cos(wr + ¢/2L (84)

traveling wave standing wave |
z=zmax

=V, (I—M)[cos{a)t +—§ +m7z}+1 [ ¥, cos(-mz) cos(at +—Z)

=V, (1 —‘ ﬂ )[cos(a)t +i2é )cos(mr) + sin(wt +—§ )sin(mr)]+ i 11' v, cos(a)t %ﬁjcos(mﬂ

=V, (1 +‘ﬂ)cos(a)t +—§)cos(m7z) =1V (lﬂ-{ ﬂ’)cos(a)t +—§j €2y

* Case studies

Z,>2,&(Z,,Z, :real) = T :realpositive = ¢=0
= Voltage maximum at the load

= Voltage maxima are found atz _ =-mz/f=-mA/2

Z,=0 = I'=-1 = ¢=nx

— Voltage maxima are found at

1 T 3r  Srx 1 A
maX:__(¢+2m7z-) - s s ,ott e — = ——
T A3
4° 4’
Distance between the minima: 4/2
min =—L{¢+(2m+l)7r} (86) <_L:i
2p p 2r

¢ Cm+hzr ¢ (Cm+DA
283 2 2P 4
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Z,=0 = I'=-1 = ¢=nx
= The 1" voltage minimum is found at

__ 1

Zmin = O
26

¢=r, m=—1

{p+QCm+Dr}

=0

¢=r, m=—1

1
Z,<7Z, = ¢=1 = Zmin__ﬁ{¢+(2m+l)ﬂ.}

M‘{Tl

W e
1 - - ——(1-IThV,

3 @ +6m) FO+am) | @+ % 0

F@TST @+ %@+

* Voltage standing wave ratio (VSWR):
o Va(zp) 14
VST (Zmin) 1_ ‘F‘

max

(92)
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[Ex. 10.7] 50 Q slotted line measurement
- VSWR (5) = 5, successive voltage maximum spacing = 15 cm
- Distance of the 1% maximum from load = 7.5 cm

= 1/2=0.15,4=0.3
f=c/i=(3x10%/0.3=1x10°=1 GHz

7.5 cm <> 4/4 <> Voltage minimum occurs at the load.

(—)ZL<ZO

e+¢::n

s+1 5+1 3
__2_ZL_ZO
3 Z,+Z7,
ZL:%ZO:IOQ

10.11 Transmission Lines of Finite Length

* Finite-length transmission line configuration and its equivalent circuit

'3 i

Kn Zm Zy V£ ZL —>
77 \(

z=-1 z=0

» Total voltage in the line

Vo(z)=V e +V, e (93)
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Where V" sum of all individual forward waves

Vo : sum of all individual backward waves

» Total current in the line:

I.(z)=1e"" +1;e"" (94)

« Wave impedance Zp(z): a ratio of total phasor voltage to total phasor
current at z = -/
+mifE | - b
ZW(Z)E VST(Z) — I/() € : +I/0 e'
I,(z) Ije’”+1e"
Vie# +TV e | e/ +Te””
Vie TV, e’y 1z, e’ -Te”
| (Z,+Z, )e_jﬂz +(Z, - Zo)ejﬂz
(Z,+Zy)e " =(Z,~Z,)e”"
i 7,7 +e Py =7 (77 — e ")
I Zo (ejﬂz + e—jﬂZ) _ ZL (ejﬂz _ e—jﬂZ)
(7,7 + e 7)) 2— jZ, (e —e )] j2
_Zo(ejﬂz +e )27, (e —e )/ j2
| 7, cos(fz)— jZ, sin(Bz)
"| Z, cos(Bz) - jZ, sin(Bz)
[ Z, cos(Bl)+ jZ, sin(Bl)
| Zycos(Bl)+ jZ, sin(Bl)
_, | 2+ jz, an(pD)
| Z,+ jZ, tan(BI)

95 <V, =V, 1, =V, /2,1, =-V, | Z,

ZL_ZO
Z, +Z,

} (96) «TI' =

:ZO

(97) «z=—I

(98)
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27 mA

e In case of ﬂl=—7=m7f (m=0,1,2,--)

A

Z (=mAl2)=2,

(99)

2> FSl(load) A mA/2 BolX X Hol A9 )

IO SRR

gjj oh;ql: =

Cncase A= @mDT=CmDT  (n=0,1,2),

A
ln( ) Z

L

(100)

« Joining two lines having different characteristic impedances

Zo1 7. 202 Z03 Z1=203
n
| M4
i il
Input impedance to line 2:
=2y, ?3 . 101) 1= p1=22A
02 COS(Byl) + JZ s sin(f,1) 4 A4
ZZ
= Lo (102)
ZO3
Quarter-wave matching:
Z,=+ZyZy, (@I=02m+1)A1/4) (103)
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10.12 Some Transmission Line Examples

[Ex. 1]

300 ©Q

(

:) 60V
< 100 MHz

300 €2

K. of receiver)
1

2m

Thevenin equivalent

voltage & resistor

TV receiver

Antenna wire

‘R, =R.=R, = Matched = I'=0 = §=1

.,6’/1

27 _2r

vy 2.5x10°
00k 2.5 [m]  (wavelength)

E = (.87 [rad/m] (phase constant)

a =0 (lossless assumption)

« Sl =0.87x2=1.67[rad] (electric length)

ﬂ><360° =288° & ﬂxﬂ =0.84
27 27

V. =60cos2710°t [V]

Vo = o0 a0
300+300

300 V =30cos2710°t [V]
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V, =30cos(wt — BI) =30cos(2710°t —1.67) [V]

8

oV 0cos27I0F o1 [A]

Z. 300

V. g
I, =L =0.1cos(2710° —1.67) [A]

ZL

1 8 8

P, =P, =—x30x0.1=1.5 [W]« P, =30cos(2710%1)x0.1cos(2710%7)

=3cos? (2710%7)
[Ex. 2]

300 €2

2 >
= 300 Q
fffffffffffffffffffffffffffffffff -
[}

> GOV .
< 100 MHz ™

AN

300 2

2m =!

Z,=2,,=300[Q), Z,=Z,/lZ,,=150[Q]

_150-300 11 - _1+\r\_4/3_2

= = S = = =
1504300 3 3 -] 2/3
_, Zy+jZytanpl_ 0 150+300tan 288" _ 150~ /9233

Z. = =
"0 7+ jZ, tan Bl 300+ j150 tan 288" 300— j461.7

=300 935.12-80.77" _ 509.5/—23.78

550.6£—-56.99°

=466.20,205.4 _» capacitive = store electric field energy

Vi 60.20° 60.20°

], = = =
YT Z 4 Z 0 300+(466.2— j205.4)  766.2— j205.4
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60£0°

=0.0756£15 [A]

T 793315
| I
Bo= ]l " Re(Z. )= S *0.0756" x466.2=1.332 [W]
=P " lossless transmission line

<1.5[W] (in previous example result)

P, is divided equally between two receivers. =0.666 [W /receiver]

Voltage across the receiver:

1 1 2
E})L:E(I/SL /RL)
V 2
0.666 = - Lt
2 300

V.| =0.666x600 =19.99 [V]
<30 [V] (in previous example result)

*Voltage maxima:

¢

P2 :§+”7T (n=0,£L,£2,---) ¢f) — Bz :_+n7z+%

. v I'= =—Zr
I =|Cle” ﬁ 33
When fS=087, ¢=n, < region27} conductor®] 1}
Z,<Z,Ql 7ol

z = —LF+ nﬂ} = _0.625—1.25n

" 0.87 | 2
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zZ. =z J_ri «— Figll.6
4
=0 or-1.25[m]

General conclusion: voltage minimum at the load if Z; < Z,
in case Z; and Zy are real

voltage maximum at the load if Z;, > %
in case Z; and Z are real

=17 =(0.0756£15")x(509.5/ —23.78")

s,in““in

V

s,in

=38.52/-8.7%
cf.) Vi |=1999V =20V - 7 <Z olm=,
I/s,max :le/s,min :2X20:40 V

Vowo 40Ve 253 v L=2mojz1 A=25moejnzg
(3/4)A=1875m= L& (3/4)A=xo|nz

™S

Near voltage maximum location

*Voltage at an arbitrary point on the line:

V,=(e?"" +Te”* )Wy (104)

N

At z=-/, (z=-2m)

V.. =" +Te v (105)

s,in

. Viin 38.52/-8.78 38.52/—8.78

" TP AT M —(1/3)e 7 T (0.309 - j0.957)—(0.103+ j0.317)
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_3852/-8.78  38.52/-8.78 =9 .98.,71.99°
0.206—;j1.268 1.285£-80.77

At z=0,

=1+, = %x 29.98£71.99° =19.99271.99" =19.99/ - 288.1

: Same result with the previous

[Ex. 10.8]
300 €2
“in —
%L 2300Q
::::::::::::::::::::::::::::::::: /’“},“"—
1" GO N 7 =3000. v=25 - S :
F L =2 2.v=25X 10" ms = _
<>1rm Mz ' - j{f’ﬂf&
' <
ZL < 300 L2

| = 10E/300) =300 5300 oy _190- 60 0
150—j300 1—,2 5

_ (120 j60)~300 _ ~180j60 _189.72-161.6" _ \ o 1c3 4o
(120— j60)+300  420—j60  4243/—8.13°

140.447
1-0.447

= Standing wave ratio is higher than example 2

00120~ j60) + j300tan288" _ - (120 j60) + j300x (-3.08)
=395 004 j(120— j60) tan 288" 300+ j(120— j60)(=3.08)

_130 120- ;984 1300 991.3£-83
115.2 - j369.6 387.1£-72.T"
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=768.3£-10.3" =755.9—-j137.4

Vi 60 B 60

I = - - - =0.0563£7.41° A
Tz +Z 30047559 /1374 1065/ —7.41

P. :%><0.05632 x755.9=1.198 W
=P (*-" Transmission line is lossless.)

=>» Each load dissipates about 0.6 W and less than the previous Ex.

[Ex. 10.9]

300) €2

CD 60 Zo=300Q. v=25 % 108m/s =— j300Q2

100 MHz l

Z, =—j300

_ —j300-300 _ ~2/-135
—j300+300 +2/-45°
1+\F\

=

300 (]300)+]300tan288 3O()Lzzzt

" 300+ j(—;300)tan 288° 300—924

. 1
= No average power can be delivered. C ~ L R,)

2
T
0

=1£-90°

= - j588.5
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10.13 Graphic Methods: The Smith Chart
» Polar coordinates of the Smith chart

A

I =|[e”

where 0< ‘F‘ <1

* Basic relationship

_Z, =%

=
Z, +7Z,

(106)

Normalized load impedance

Z, R +jX
z,=r+jx="t=t )0
ZO ZO

r_Z=Zy _(Z,)Z)-1_z,-]
Z,+Z, (Z,]Z,)+1 =z, +1

=T + T, (108)

1+T
ZL:E (107)
_(1+0)+,r,  [A+T,)+ 0 ][A-T)+jT,]
- (A-T)-jr, (1-T,)* +T;
Na-r)-r?]+ j[ra-r)+r,a+1)]

(1-T.)* +T;

_ 2_ 2

e R S )

= + L
(-r)y+r /- y+r
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1-T2-T

r= 2 2

(1-T,) +T
2I°

x:(l—l“r)éﬂ“f at

(110)

1) Real part
1-r’-17
(1-T,)*+TI}

(1-T?)~T? =r(1-T,)* +/T?

CX(r+D)-2T + T (r+1)=1-r

2 2
1ﬂr2_12r Fﬁ_riz:i—r, 1ﬂr2_12r - +( r ) +Fi2:1—r+( r )
+r +r +r

rY -7 rY 1
(Fr— j +T7 = +( j = s (112)
1+7 1+ \r+l (r+1)

Constant 7 - circles: radius - —1
r+

rﬁ
r
center - (— , 0)
. r+1

.
=

T=1
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2) Imaginary part

2T
(I-T)*+T}

(C. -1 +T 2L =0
X

(r,—1)2+(rl.—3 =G) (113)

1
constant Xx- circles: radius - ‘;

1—‘i
1
center - (1 , —)
X

+]1807

~150°
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[Ex.] Z,=25+;50 — 2z, =05+l

From the Smith chart, F‘ =0.62, ¢ =83

» Second scale on the circumference
V.=V, (e +Te”)

I = VL(e_j'BZ —Te’?)
0

Z 1 Vi(eP?+Te”?) e/’ 4Te’”

in __

z, = =—- - —— =, = __
Z, Z, (V))Z,) (e’ -Te’) e -Tel* <= !

ejﬂl +Fefjﬁl ~ 1+re—j2ﬁz - 1+ ‘r‘ej(«ﬂ—zﬂz)

TSP _Te Pl | _Te P 1—[[[e/# 28D (114)
If 1=0,
z _H—F_Z
1n_1_r_ L
If z=-I
1+ e /2!

Z. —Te_jzﬂl — (Fe_jzﬂl «~1I)

§) T A& s, Tojale] Te o gy
T gzl Ao e] 1E dudis WA
T
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.. As we proceed from the load z; to the input impedance z;,, we

move toward the generator a distance / and move through a
clockwise angle of 25/ on the Smith chart.

Since the magnitude of I stays constant, the movement toward
the source is made along a constant-radius circle

(.. ASHZ7} lossless O] =)

( "o =2 f1x WE 7}
wpeba] Falol A [ = 42 Holxl A HE 28 = 2
A% dYEAE 2 A2 sLAA. = oF HFg o A

= A

[Ex. 10.10]
Z,=25+j50 Q

z, =0.5+j1 — point A

J=2m ¥4 W load=Z4%E 60cm
Qoj7l 3] U2 A7

I 06

S =22034
A2

0.1354+0.34=0.4354 — point B

zin = 0.28 - j0.4,
Zin=14-;20
* Voltage maxima: @wtg = 0.25 wtg : wavelength toward generator

“pointC (' R, >Z,, pure resistance )
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0Oor0.5

* Voltage minima: @ wtg

R, <Z,, pure resistance )

JopointD (7

Figure 10.13 A photographic reduction of one version of a useful Smith chart.

44



* Normalized Impedance and Admittance Coordinates

DWG. NO,

DATE

TITLE

NAME

SMITH CHART FORM ZY-01-N} ANALOG INSTRUMENTS COMPANY, NEW PROVIDENCE, N.J. 07974

NORMALIZED IMPEDANCE AND ADMITTANCE COORDINATES

o 21Nl
HaROL 3
A0 200

REFLE
COEFF.
VOLJPWR.

80

1O~ L0—0+ @

CTION
LOSS IN BB
RETN/REFL.
+ia
1o
Fso
204
4.0
30 130
40
Fzo
501
601

w
o
1
(-
L
= - B
& 1oto 20
< L
o A mu..y .ﬂc
o LV B =
Yoot ool z
< = 1
s E F ©
» F
f F2l
= & oz
I ]
< Je R
a &
B L
P -
o s obtel
= L
N._H +ei
E o9t aQe
w14 L
4 OW\\
@il b
+ _ toe
81 AE
oz F
i +o¥
4 +o%
os] L B
1! g
0¥ o +
1= £
os{ & ozto
@
12 4
1&
4@ -
odg 10z
: e .
024 3 Lot
T oop
@ - -+ @

‘44303 | §431S 80 |Olivd

§s07 | Ad |

NI | “I0A

‘5507 WSNVEL IAvh SNIGNVIS
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[Ex.] The determination of load impedance
(D s = 2.5, operating freq. = 400 MHz = 1 =75 cm
(2) The carriage moves indicates that a minimum occurs at 47 cm
@ Replace load with a short circuit
@) Repeat step (2. Minimum at 26cm.
(5 Short circuit locates one half-wavelength away and this is

load location : 26 - 37.5=-11.5 cm

Probe and ﬂil“l.llr.‘.(l
carriage h 50-€ line
— Y ¥} x - Load or
@ D short
circuit

Short circunt

—

Relative probe voltage

610 50 7 40 30 20 10 0 "

7 26

Distance scale (em)

58.5cm

v

(® The minimum is 47.0 — (-11.5) = 58.5 ¢m from the load.
(loads €3 AP W minimum point 7} loadZ5-E 58.5cm ©]4)

3
(D) The maximum is 8.5 _(ZX 75] =58.5-56.25=2.25cm  from the load.
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(47 cm A (=loadZF-E 58.5 cmX| &)l A 1/2 o] A H

minimum. THA| /4 ©]A3}H maximum.)

S0 2.25 cm — % =0.031

s—1 1.
[=—=—=042
© H s+1 3.5 04258

z, =21+ j0.8 — Z, =105+ j40

Figure 10.16

zr=2.1+;0.8

W o

L IS4

If zin = 2.5 +j0 on a line 0.03

wavelength long, then

[Ex.] Match the above load to the 50 Q by placing a short —circuited

stub of length d; at a distance d from the load.
d




*Adding one-quarter wavelength (4/4) to Zin. (z,,)
, T A
z, +jtan—— —

zZ. = = = .
m ) 272. ﬂ, . yl”l
1+ jz, tan——-— =

(load YI =L 180° rotationr] 7] ™ load admittance &} &

0.160

s
~

wig/ 020 emTms 0.220
: 2.1+0.8
Figure 10.18 r o
0.250
0.41 - j0.16-
A normalized load z; = 2.1 + 0.8 1s ~ o
0.470 ~2.5+50

matched by placing a 0.129-wavelength

short-circuited stub 0.19 wavelength

0.379

from the load.

eTarget: vy, =1+,j0 = z,=1

*y, =0.41-,0.16

*Moving toward generator by 0.164+(0.5-0.47)4=0.194
= d=0.19x75cm=14.25cm
= y. =1+ ;0.95

« y,=0-7095  — (0.379-0.252=0.1294 short stub.
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SHORT OPEN OPEN SHORT

impedance chart admittance chart

0.1294 — d,;=0.129x75cm =9.675 cm
Vin = Viu + ¥ = (14 j0.95) +(=0.951) =1 (Matching)
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