Chapter 12. Plane Wave Reflection and Dispersion

12.1 Reflection of Uniform Plane Wave at Normal Incidence

* A uniform plane wave is incident normally on the boundary

between regions composed of two different materials.
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« Moving (or transmitted) wave in region 2 toward (+Z) -direction:
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* (Special) Boundary condition at z = 0:

—

i) E -field in region 1, 2 must be equal.

Eq. ()& (3) = E,=E., (tangential component) z =0 A IHI}ER

@, @H9] ZFo] ZA 2.
1) H field in region 1, 2 must be equal.
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= This is very special condition = Not in general.

» Let define reflected wave:
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where E_: complex quantity (urA} 7 =] <+7)



* Boundary condition:

1) Total electric field intensity at z =0
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i1) Total magnetic field intensity atz =0
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* Reflection coefficient (I'): ratio of the amplitudes of the

reflected and incident electric fields
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* Transmit coefficient (7): ratio of the amplitudes of the

transmitted and incident electric fields

r:1+F—E’f°— 217, —Me”” (10)
E,o m+n

[Ex. 1] {Region 1: Perfect dielectric

Region 2: Perfect conductor = o, =
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=—j2sin fzE), (11)
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I% Wave traveling in the *z direction
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[Ex. 12.1]
= a,=0=qa,
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. p_M-m _300-100 _
n,+n, 300+100
E., =50 [V/m]

— H 1s also standing wave

and 90° out of phase with E .

Region 1, 2: perfect dielectrics.

7, =300[Q)]
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* Region 2.
Ery =2 e =900 y00-150 [Vim]
n, +1m, 100+300
H ) = Eix 150 _ 0.5 [A/m]
n, 300
S<S, >= %E;zo 120 :% x150x0.5=37.5[W/m?]: transmit average power.
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= EjtE=Ey : AWM region 1 M) E-fielde] ¥
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* General rule on the transfer of power through reflection and

transmission.

- Incident power density,

<8y >= lRe{ E;slH;sl*} = RG{ELO 1* E;:o} -1 Re{ 1* }{ Ex+10‘ 2
2 2 Ui 2 i




- Reflected power density:

1 1 + 1 + *
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- General relation between the reflected and incident power

<S,>=]<s,> (15)

- Transmitted power:
1 1 * 1 1 Z
<8, >= 3 Re{E} H '} = Re{rE;w TES, } 5 Re{ }{ E(‘ Z\ T
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0o+, ‘ ‘ : Too difficult to calculate

772

& Py, (l _m : )P1+,av (17) : Alternate method.



12.2 Standing Wave Ratio
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* Standing wave ratio: ratio of the maximum and minimum
amplitudes of electric field intensity



» Total electric field phasor in region 1

region 1
N _ . .
E ,=E +E (perfect dielectric)
= E} e +TE e (18) E;
£

Reflection coefficient:
= T, — 1 =\F\e’¢
M+
where 7,: positive real, 7, : arbitrary complex
r < Ifregion 2 is a perfect conductor,

_|_Jon
= )
O, + JwE,

* If 772 is real and less than 7,

12

0 = I'=-1=14x

r=|T|sx T="L" o A |As
m +1,

N If N2 is real and greater than 7,

r=|T£0

 Revised total electric field phasor in region 1:

ExlT — (e—jﬂﬂ + ‘F‘ej(ﬁlz+¢))E;10 (1 9)
E. | =(1+[T)) ES, (20)
= 'ﬂlzmax Zﬂlzmax+¢+2mﬂ- (m=0,i1,i2) (21)
¢

_ﬁlzmax = 5+ s
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region 2
(any material)



-If =0 = T :realpositive = n,>n &(n,,n,: real)

= Voltage maximum is located at the boundary plane (z = 0)

(- @m=0)

_ omm . mxr _ mi
Az =— 7 __27z/ﬂ1 T T, (zmax point=2] 7+4)

- For the perfect conductor (p=7) <« I'=-1=14x

¢

T
Pz =—+mr| =—+mx
2 jor 2

(AAANA —g27bE Ho]X 3o Al maximum point HAY.

w 3w Sw T
Bz = 2T .. _ __ "
ﬁl max ) 7 ) (@ m 0, Z nax 2181 )
* Voltage minimum:
E.r min (1 _‘r‘)E;w (23)

= =Bz = Pz, TO+ T+ 2m (m=0, +1, i2,---) (24)

¢

T
_ﬂlzmin :E +m7z-+5

11



- For the perfect conductor,

=-1=14-7 = ¢=-

= Voltage minimum is found at z=0 |Zmin =— 25 [-7z+7]=0
1

= I': real negative = > <1 & (71, #2: real)

» Revised total electric field:

E lz(e—jﬂlz +‘F‘ej(ﬂ12+¢)) *

xS x10
s . Kl
_E;O( ‘r‘)e iz _l_E;lO[F( 20787 4 o 261[}12}3 2
# s e iy o b
(= N)E e + 2T E" e € +2e

¢
= (1-[T))Ez e +2[0|ES e’ cos( pz+ 9

instantaneous

form * B (x.1)=(1-|T]) £}y, cos(ot - ﬂl)

travehng wave

A< XY T = traveling wave

+2[T|E}ycos(Bz+¢/2)cos(wt+¢/2)  (26)

. Vo
standing wave

reflected F o] standing waveE do7]&= AE,
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[Ex. 12.2] Propagating wave in material 1: 100 [V/m], 3 [GHZ]

w=2rnf=6rx10" [rad/sec]

Dielectric 1 Dielectric 2
€1 =4 g =1lep =0 €p =9 tigy=1,€p,=0
V4 xl1
B = we =6xx10° . - =407 [rad/m]
E}, = 100e7 4™ 3x10
sl
B, = o\ u,e, =607 [rad/m]
. ok 2r 2w
B == = =—= 005 m
A — A B 40x [m]
2T 00333 [m]
B, 60x
7 = ]a)—.,ul: o ! x1207 =607 [Q] <« o =wse"
o+ jwég, & \JEr
1
n, = x120r =407 [€2]
€Ra

rom=m _ 407 - 607
n,+n, 407+60x

=-02=0247

= Emin will be at the boundary and repeated at half-waelength
(0.025m) intervals in dielectric 1.

Exsl,min = (1 - ‘FD E;w =80 [V/m]
— E e = (1#|T]) E;p =120 [V/m] 4 ( z=-0.0125,-0.0375,

—0.0625, -+ [m]
(Region 20| A= WHALELZ) §lO T2 max, mind =°] Sl
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* Standing wave ratio (SWR): ratio of maximum to minimum electric

field amplitudes
Bzl 1[0 27
By min 1—‘F‘
Since [[|<1,  s2>1
[Ex] @ T'=-02 :”:t\‘ﬂ :%;:1‘5 =15:1

@ [[|=1 = The reflected and incident wave amplitude

are equal.

= All the incident wave energy is reflected.
= [E_, is zero which plane is separated 11/2.

E | 1s 2Ex10 which plane is separated 41/2.

X

® n,=n = I'=0 = Noenergy reflectded.
= s=1
@ If 1/2 of incident power is reflected. = [ =0.5 = |[[|=0.707

140707 1707 .
1-0.707  0.293

(SWRe wAAIZ S AZ s 0]g mstnz WAEe) A%

g8l WAAFE & & gk s ))

Ay

gl
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Ex.] An uniform plane wave is reflected from an unknown material
to the air. The measured electric field is 1.5 m between maxima.
Zmax =-0.75 [m], s =5. n,=?

=2 /.=15%x2=3[m] 2> f=c/i=(3x10%/3=10%[Hz]

or 100 [MHz]
Zmax = -0.75 [m] > The 1% minimum occurs at the boundary.
‘F‘ s—=1_ 5-1 2

s+1 5+1 5
re_2_M-M
3 7714+770

n, =1,/5=377/5=754[Q]

12.3 Wave Reflection from Multiple Interfaces

» Consider wave reflection from materials that are finite in extent.

=>» Effects of the front and back surfaces.
[Ex.] Light incident on a flat piece of glass. (coated glasses, etc.)

* Let us assume all regions are

" ? " composed of lossless media.
| 2 3

: * Electric fields in region 2:
Incident

energy

— . ki E_, =E e’ +E_ e (284)
where 3, =,/ ¢, = w@\/g—ﬂ
- . _ s,
C
E’,, E_, : complex
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» Magnetic fields in region 2:
H,,=H e +H,e" (28b)

Reflection coefficient at the second interface of region 2:

I, = =M (29)
n;+1,
> Ex_ZO - F23E>—:20 (30)
E+
H;m = —x20 (3la)
2
E- I
H, =- x20 _ 123 E;rzo
g 7, 7, (310)

» Wave impedance (77,): ratio of total electric field to total
magnetic field at arbitrary position z in region 2

—jPaz - bz
N (z)=—x2 = E e jﬂ + xzoejﬁ
w + —jprz — B,z
Hys2 HyZOe / +Hyzoej
7 bz JPaz —Jjbz JpPaz
Ee P 4T, E] e e e
O 2z oz
%e—jﬁzz _%%ejﬂzz e’ _F23e ’
m, Uy
(cos B,z — jsin ﬂzz) +u(cos B,z + jsin ,Bzz)
_ s+,
=1, n.—n
(cos B,z — jsin f,z) =" (cos B,z + jsin j3,z)
5 +1,
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(773 + 772)((:05 B,z — jsin ﬂzz) + (773 -1, )(cos S,z + jsin ﬂzz)
g (773 +1,)(cos B,z — jsin B,z)—(1, —nz)(cos B,z + jsin f,z)

Z’?g cos B,z — jZn, sin B,z
/27\772 cos 3,z — ]/2\773 sin 3,z

773 COSﬂZZ_jUZ Sinﬂzz 32
=1, — (32)
17, €08 B,z — jnysin f,z
R/ tan 3,z
=1, :
n,— jn,tan S,z

* Boundary condition at z =—-/,

xs1

H +H, =H,, (33b)

ysl

{E +E =FE_, (33a)

= El+E  =E,(z=-1) <« fromeq.(7), (8) intext
T region 2 NE Ely,Enp il on@ g , 7 HA.

; - E — ]
HoyrHoy=H, =) — Ein B Fulz=7)
& , n, (=)
where E ), E,,: amplitudesof incident and reflected
fields i region 1.

e Input impedance (77,)) =7, (=#) to the two-interface combination

+ —
ExlO ExlO _

_ E. ,(z= o)) E;o +E
m i Thin Thin

P 1 1
L (__ _] =E, (_"' _]
T M Th

17



E+ 771n 771 E— zn + 771

x10 - ~x10
W M
E -
Za0 M —1h (35)
E . T,
( ) 1, cos B, + jn, sin S,/
.= zZ =— =
where T =T & n, cos B, + jn,sin 3,1

*Incase of 5in =11, I'=0

(36)

= No reflected power ( P = (1 — ‘F‘Z)Pm) — Matched

 Suppose that 77, =7, and SB,/=mnm (m:integer )

27 mA
[=""I]=mr or [ = —2 37
B, 7l ( 5 ( )]
17, cos B,1+ jn, sin B,/

77in = 772 . .
1, cos B,1 + jn, sin B,/ Slmn
1,

=1, = Matched.

Ex.] Antenna inside of the aircraft.

* (Refractive) Index:

n=\e, (38)
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For lossless media (&,” = 0 and u- = 1),

=k =0uz & =" (39)

c

o T (40)

1
g

Phase velocity and wavelength in a material of index #:

| 1 c
v = = =— (41)
’ \//Uogogr \//uogo \/‘57 n
A=A (42)
f nf n

Ex.] Fabry-Perot interferometer: optic filter which transmit spcific

current [ o
. —| [« wavelength satisfying
input output the condition.A=4,/n=21/m
- —_
mirror——- <——mirror

\_'_l

Febry-Perot Amplifier

m—l_/lm :A/lf :2—1_2_12 2l ~ 212
m—1 m m(m-1) m

A

where m: number of half-wavelength in region 2 or
m=2l/A=2nl/2,

Ao: desired free-space wavelength for transmission.
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Free-space wavelength in region 2:

A 1 A

A, =—=2]—=— 43a
Tom? T A 21 (130)
Free spectral range: wavelength in free space

L LY PR
2/ 2/ 2nl

(43b)

[Ex. 12.4] AA, =50nm, A,=600nm, (4 =600z50nm)
L » Red part of the visible spectrum.

Febry-Perot filter: n = 1.45

Required range of glass thickness?

= Optical spectral width A4, >A4 (7 k= HFFo] a7t 25

2

1’2
—=AL, > AL
21

2
600 :
ok :( \/1.45j T 6002

= =2.5x10° nm=2.5um
2AA, 2x50 nm 2x1.45x50

/11

» Another matching condition:

For p,/=02m- 1)% ( m:integer )

20



27 T

[=—1[=02m—-1)— 44
s, 2 ( )3 (44)
A, :
= [=02m-1) " :0odd multiple of a quarter wavelength
. 1, cos B, + jn, sin B,/
", cos Byl + jn,sin Bl oo
n, _ 1
=1, Q == (45 <« n,=n, (formatching)

JM 7
n, =1, =1, (46): quarter wave matching.

[Ex. 12.5] Coating glass. Transmission wavelength from air to glass: 570 [nm]
ny=1.45
Required index for the coating and its minimum thickness?

= n,=377Q (free space), 1, :% =260 Q (glass)

1, = Jmn, =~377x260 =313 Q

A, =ﬂ=475 nm
1.45
A, o
[=—=119 nm=0.119 yum : coating width

4
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* Multiple-interface situation

a
A

! I

m N 73

—_— - .
Incident Mina Wi

» ENErgy

— Ua +1p) 1y

1, cos Bil, + jn, sin Bil, (47

Step 1) Minp =15 17, cos B, + jn, sin B,

nin,b COS IBZZG + ]772 Sin ﬂZla

L= 48
Step 2) e ’ n,cos Bl, + T sin f3,1, (%)
nin a 771
[=—"——
Step 3) nin,a + 771

Step 4) Reflected power: P, =[[| P,

Transmitted power at layer 4: F, = (1 - ‘F‘z )Pm
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