Engineering Electromagnetics

W.H. Hayt Jr. and J. A. Buck

Chapter 9:
Time-Varying Fields
and Maxwell’s Equations



Surface area S

N %
-
turns

~_

Ammeter

9.1 Faraday’s Law
Faraday’s Experiment

Surface area S

N
turns

OO
[ ]]

e

Surface area S

B(¢) increasing with time \/ \ A A A | B(r) decreasing with time
(L

=

™
|

é\

[]

< % Ling Ammeter N > % Lq (reversed) Ammeter
D) turns ><__ | "
closed switch switch opened again
T\ A
—<to—o— ———Fo” ob—

\N_~
:§ — ¥, é

[[]]
|\
A
7
(
\
|
|
o

Y

¥

[

\

Magnetic flux density B generated lower circuit links the ~ Opening the switch results in current that initially

upper windings.

=> [, = Existed as long as B increases with time

=>» Proportional to time rate of change of magnetic flux

decreases with time in the lower windings.
=>/,, in opposite direction from before. 1/27

na
=>»Existed as long as the magnetic flux decreases with time.



ML A * Consider a single turn of wire, through which
i an externally-applied magnetic flux 1s present.
The flux varying with time generates /,, .

- A Dtime-varying magnetic field produces an

>1,.m, electromotive force (emf) which may establish
a current 1n a closed circuit.

Area § . .
- Emf 1s a voltage that arises also from

2conductors moving in a magnetic field or from

changing magnetic field.
* Faradays’s law ,

emf =% [V] == \ 000

dd . . .
where TR flux changing rate according to time

(-) : opposing flux direction sign 2/27



dd

e + 0

1) A time-changing flux linking a stationary closed path
2)Relative motion between a steady flux and a closed path
3) A combinations of 1) and 2)

* [f the closed path is taken by an N-turns filamentary conductor,

dd
emf = —N rrll ®: flux passing through any one of N

coincident paths.
emf = CﬁE -dL @ eletromagetic fields are time-varying

() ~ S, . . :
— _d_ — _ij B-dS <« CJ.>E>< dL =0 (@time-invariant
dt dt’s
> dS 9sto 2 B o Z7H= T Z 2 (closed-path)Of| A 1 LEA} HbS
QE EZ‘UBTCLQGS OEIE;E!
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- 1stinvestigation: Total emf made by a changing field within a

stationary path
- - dO
emf =QE-dL=——=——|B-dS =—|— dS < Stoke's theorem
dt dt
= I S (VxE)-dS
VXE-dS = —@ ds
Ot
OB . :
(VX E) = o : point form of Faraday’s Law

cf.) For electrostatic case,

-a

B = f(t) —>———O
- VXE =0, f(VxE)-d§=56§-dZ=o

> ZEXA O A ESHS | loop &0IN =71= E2 “0” 4/27



[Ex.] B=B,"a

for p<b (cylindrical region)

where B,: constant
Choose the circular path p =a (a <b) in z = 0 plane

B(?)

WM i

Method i) emf = § £ -dL = 7(2a)E

¢
do df -
- ?it_ dt J
:—E(Boe""t ma?)

E = —%kBoekt,oa(;) < (a — p)
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0B,

Method ii) (VxE), =— = —kB e"
)
B(?) | 8(@) method I3 7< o]&
A‘AAAAA A = = ~—
A L Op
I _ - . . 1 O\pE,] 10E
\ (FraL:VxE=()d,+ ()i, + —M———p .
1T l T Radius a P 8,0 P 8¢
%& _ 1
qub = _EkB ektpz
r— _ _ kt 3
E = szOe PaAg azq B9
/ AT E1E
y ERk}
B=B,¢a @ F=—Eé%G. @%—fomi H=-H,¢"G
1;;]7&31 7t ;;]7&@ 7t %Eﬂz;‘ W :j_l @WJ@ %7} S [enz’s Law
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- 2nd investigation: Time-constant flux and a moving closed path

- Sliding bar, moving at constant velocity v
- Flux passing through perfect-conducting sliding bar surface with
closed path

¢ = /BodS = /B'nda
S S

= Byd
dd dy
emf=——=—B—d = —Bvd
dt dt

- Et = 0 @conducting bar
- fﬁ .dL =0 @except volmeter region

- Due to ‘-Bvd’, termmals 2 and 1 are positive and negative,
respectively.
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Motional EMF

* Force on a charge O moving with a velocity v in a magnetic field B:

F=Qv xB

F
— =vXxB

B(uni form)

A A \

* Motional (electric) field intensity:

E, =vxB

* The motional emf 1s produced by the moving conductor on uniform
magnetic filed.

emfziﬁm-di:§(17x§)-di
= ['vBdx=—Bvd «#xEB=vld, xBld, = lvlIBld,

: Same result with the previous method 8/27



Two Contributions to emf

- If B is also changing with time beside of moving conducting bar,

B
emf:fE-dL:— a—-dS—1—jl§(v><B)-dL
g Ot

Due to time changing rate B Due to motional circuit

— B
e

dd
dt

9/27



9.2 Displacement Current

- Faraday’s experimental law:

B L e
VXxE=—— ej(VxE)-dS:ﬁE-dL——di) ja—B ds
ot dt ot

\\/./
Source

* Point form of Ampere’s circuital law at steady magnetic fields:

VxH=] 4
o op 1=
V'(VXH):V-J:— .
ﬁf 2 :I(V-j)dv:—gj. p.,dv
Pv
0 =>» only true @ = 0 o 0P,
(Curl2| divergence= ‘0) ot

an unrealistic limitation

6
> ¢ gt Jél(contmmty eq.)0ll &
AMIL LR M= DZE. 2 J=0)



* For time-varying field,

VxH=J+G
5 Error correction term N
0=— 'OV+V-C7 V-G:ap —(V D) V- ob
ot ot Ot
oD
G=—
ot

- Ampere’s circuital law in point form for time-varying field,

’8D\

VxH=] —I—\ Yy /
N Dimension of current density [A/m?]
N, displacement current density

—J+(Jd)
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* Currents

(motion of charge in region of

J=0ocF : conduction current density zero net charge density)

—

J = pv{} - convection current density (motion of volume charge density)

—_

Vx H = 8D : : .___(no volume charge density.

: 1n nonconduction medium. .
5 ¢ Ime varying current)

analogy

< VX E _ @_B (Note the symmetry when
ot comparing to Faraday’s law)

- Total displacement current crossing any given surface:

—>

]d:jSJ Cl’S SE dS

* Time-varying version of Ampere’s circuital law:

jS(vxFl)-dézj J-d§+jaa—? dSs

—>

Sﬁfl-di [+1, —1+j ~—~.dS .



Demonstration of Displacement Current

* The magnetic field 1s presumed time-varying within the loop, thus

it generates emf, which in turn provides the current.

Parallel-plate
c capacitor

emf =V, coswt [V]
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- At parallel-plate capacitor, the conduction current 1s zero due to no
connection conductor between two plates in capacitor.

ngE:gVocosa)t
d
[, =| — a’S
S@t
v

=(—ew—-Lsinwt)- S
( y )

=—a)§VO st =1,
d

=» Displacement current is associated with time-varying electric
fields and therefore exists in all imperfect conductor carrying a
time-varying conduction current. 14/27



9.3 Maxwell’s Equations 1n Point Form

- Maxwell’s equations for time-varying fields

VxE:—a—B
ot
vxi=JjiP
ot
V-ﬁzpv
V-B=0

Faraday’s Law of Induction

Ampere’s Circuital Law

Gauss’ Law for the electric field

Gauss’s Law for the magnetic field
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- Auxiliary equations
~ ~ ~ — polarization
D=¢E=¢E @

B=uH = 1, (H @) magnetization
N

For linear materials, P= y, 6, and M = y H

» Conduction current density: J =gk

- Convection current density: J = p ¥

- Lorentz force equation in point form: ]7 = p, (E +V X E)
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9.3 Maxwell’s Equations 1n Integral Form

- Faraday’s law using Stoke’s theorem oA AMdAS A
|
j(vxE) .dS = }315 dL=-[ = dS <S ‘ >
S C T~ E
d d®,,
T Tw SB‘dS//— @t

* Ampere’s circuital law

D,J

oD a
:fJ-dS+ — - dS <S >
S S@t // C T~ H

- J - _/
Y YT

1

[(VxH)-dS=¢H-dL A AH‘ZS A
|

_1+j = a’S [+1,
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- Gauss’s law

_' (V-D)dv = <]5S13 .dS = jml pudv =0

'(V.E)dv=<]5sz§-d§=o

* Boundary conditions

E,=E, {DNI_DszpS
H,=H, By, =By, J=cE
- For a perfect conductor( o = o0, J = finite ) 7 N
E=0 finite  infinite -0

— H =0 (. For satisfying vxg =88_D
_ t
—

J=0 (-~ H=0)
.. Current must be carried on the conductor surface as a surface
current K . (" volume current density J =0) 18/27



- [f region 1 1s a dielectric material and region 2 1s a perfect conductor,

E, =0

—_ —_

H,=K (H,=Kxa,) [« H,AL-H,AL=KAL

D, = ps
By, =0 B B B Yy ~
\ -
ntrenr /////7//, I lim (A dL =H AL (+H, =0 at =)
| | ////////_ Ah h—0 1 2
dielectric I\ \/— ~ ~ ~ ~
———l Y :klglojsja)D-dS+£1LanJ-dS
= KAL
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9.5 The Retarded Potentials (or Time-varying Potential)

- Scalar electric potential

A= = A4 Odr | 1
VABz—jBE-sz— 0 — = O (———) =V, -V,

dv ) Bage r? dme, ry r
V = f Py (static) " P
vol 4meR V,= e __1 jpvdv

= =
dre,r, 4ner,

* Vector magnetic potential

d
A = / pIdv - o
vol 47TR

- Differential equations:
V-D=p,, V-D=V-(¢E)=-V-(VV) = p,

2v; _& - | (1 Poisson’s eq.
VYV = (static) v.ovy vy P

= :

P,V
'4re R

VZA:—MJ (de) | J e p, ,u0<:>i, AV : szj. Hol v
g 14

0 Sy,
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* Having (or knowing) V and A, the fundamental fields are obtained by

[. E=-VV  (static) ._ Static == DCO| Z20|= E, BE 7& %= 9oL}
- - .~ Time-varying? Z20|& HEX| %3
I. B=VxA4 (d€)  Timevarying=7g 058 20| Eq SEER.

- Time-varying case  (B=Vx A+ d.c %3 o}u] 2} time-varying case o] &= WH)

II. V-B=0
V- (VxA)=0

("." The divergence of the curl is zero. =» Proven!)

L VxE=-VxVV
VxVV =0 (Appendix Eq.(A.19))
5 VxE=0 = By Faraday’s law, Vx E # 0 in general.
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Hence,let F=—-VV + N

And curling

VXE=Vx(-VV+N)=-VxVV+VxN=0+VxN

OB
= _5— (By Faraday’s law)

VXN:—a—B :—Q(VXZ)Z—VX%

ot Ot Ot
o o4

ot

SO{Ez—VVHV:—VV—at —@

B=VxA — @
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» Substituting eqs. (D and 2 into two of Maxwell equations in below

VxH= j+a—D
{ ot
V-D=p,
-
,lVXB_leVxA J+88—E—j+€( VaV 8124)
1 1 Ot ot ot
\EV-E:8V-(—VV—8—A)=5(_V’VV_QV'2):'OV
ot ot
aV 0% A
V(V-A)=V*Ad=uJ — us(V —©
{ (V- A)— pd = ue(V— atz)
vr+ L. dy=-2 — @
ot &
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» Under static or DC condition, eqs. @ and @ are simplified as below.

(HI 2 HH 7 (static) 2] B XE WHAl02 QEEX|BH0|Z2
| O

| vector= curl 22t

e,
i
|O

=>» Necessary, but not sufficient conditions!!!
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* For example, choose a very simple vector potential field (4, = A4, = 0).

-B.=0

(B=VxA4)
0A
_ X
By eq. . B, =
y€q ®’ g oz =» No information is available.
oA Information could be found if we knew the
- BZ =& value of the divergence A
Oy
. o4 | -
= V- -A4A= (ﬂ%joﬂ curl¥} divergence©l| tgh
X
2% 9w E Ve 33 73 5 A8

=> A vector field is defined completely when both its curl and

divergence are given and when its value is known at any one
point (including infinity).

Boundary condition
25/27



* Define below equation for seeking the simplest expression.

V-g:—ﬂgaV (EZVXJEPECUI‘IQEE%II_?AEEE

Ot divergence V- A HEII = Q )

* From eqgs. 3 and @, (—V-A=0)

-
— 2 4 T 04 — 2 > v 9%4
Vid=—-puJ + ue v Eq. @: V(V-4) = V24 = 4] — pe(v 2 + 52
— <::|_<
2
20 __ P oV .2 4 __P
—V V—_?V‘I‘,Ug? \Eq.@.v V+-a—t(V-/f)——;
B=VxA4 (Time varying 20 MEZ B QtE & & 4= Q= Mo,
7 ov B 20| wave equation2f FAHCh. 11))
V-A4= hald
@y
oA > Propagation element (or speed)
E=-VV - = (= proven)
t
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* Propagation: Any electromagnetic wave disturbance 1s found to

1
travel at a velocity v = e through any homogeneous medium.

* The potential at any point 1s due not to have the value of charge
density at some distant point at the same instant, but to its value at
some previous time, since the effect propagate at a finite velocity.

- dv dv
Hence 1, _f A o py-( Lol

vl 4 g R vol AreR

_, _, R

p, =€ Ccosmt —>  [p,l=e cos{a)(t —— ﬂ
~ V;
R .
where t’' =t — = retarded time
(RR7|T7L ¢ = = A|ZH S0t0j| vats £ 2 2| RIS 0| SBHS LIEHY)

<

- Retarded Vector magnetic potential:

vol 47Z'R 27727



