Chapter. 5 Impedance Matching and Tuning

® Maximum power is delivered when the load is matched to the
line (assuming the generator is matched), and power loss in
the feed line is minimized.

® Impedance matching sensitive receiver components (antenna,
low-noise amplifier, etc.) improves the signal-to-noise ratio of
the system.

® Impedance matching in a power distribution network (such as
an antenna array feed network) will reduce amplitude and

phase errors.

7 Matching Load
° network Z1

FIGURE 5.1 A lossless network matching an arbitrary load impedance to a transmission
line.

- Factors that may be important in the selection of a particular
matching network:
1) Complexity: simple
2) Bandwidth: restricted frequency band
3) Implementation: easy
4) Adjustability: tunable



5.1 MATCHING WITH LUMPED ELEMENTS (L NETWORKS)

- L-section

- Simplest type including two reactive elements

~u=2.12

- X, B: lumped or distributed element depending on the operating

frequency.
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FIGURE 5.2 L section matching networks. (a) Network for z_ inside the 1 + jx circle. (b)
Network for z_ outside the 1 + jx circle

Analytic Solutions
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- ZL = R+ jXL (assumption: Zp < Ry, inside of 1 + jx circle)

- Impedance seen looking into the matching network:

Zin — JX

+
JIB+1/(R, + jX )
=7, (5.1)



- Rearranging and separating into real and imaginary parts:
B(XR, - X, Z,)=R, -2, (5.2a)
X(1-BX_ )=BZ,R, - X, (5.2b)

- Solving Eq. (5.2a) for X and substituting into Eqg. (5.2b)
X ENR1Zyy[RE+ X2 -Z4R,
B=—= > > (5.3a)
R+ X!
where (RZ + X/ -Z,R)> 0 ("R, >Z,)
_ BX,Z,+R, -7,

X «(5.2a)
BR,
1 XL 4 (5.30)
B R BR

=» Two solutions: dual valued components (B, X)
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- ZL = R + X, (assumption: Zo > Ry, outside of 1 + jx circle)

- Admittance seen looking into the matching network:

Y, = jB

In

+ :
R+ (X +X,)

- = (5.4)



- Rearranging and separating into real and imaginary parts:

BZ,(X +X,)=Z,-R, (5.5a)
(X +X,)=BZ,R, (5.5b)
- Solving for X and B:
X Z13 R (Z,-R) - X, (5.6a)
B 4})\/(20 “ROIR, (5.6b)
1 .

=» Two solutions: dual valued components (B, X)

Smith Chart Solutions

[Ex. 5.1] Design an L-section matching network to match a series
RC load with an impedance Z. = 200 - j100 Q to a 100 Q line, at a
frequency of 500 MHz.
= Sol.1)z.=2-j1

y.=0.4+j0.2

y=yL+jb=0.4+j05 < jb=j0.3
Interconnection with admittance circle of 1 - jx
z=1-j1.2

Xx=1.2



(@)
Using Eq.(5.3a, b), b =0.29 and x = 1.22

C= b =0.92 pF <—B=bYO=£=a)C, C= b
2mfZ,, Z, WL,
L:X—Z‘):38.8nH «— X =xZ,=wl, L=X—ZO
27f 0)




Sol.2)y.=0.4+j0.2
y=yL+jb=04-j05 < jb=-0.7

Interconnection with admittance circle of 1 + jx

z=1+j1.2
Xx=-1.2
Using Eq.(5.3a, b), b =-0.69 and x =-1.22
Co— T _261pF « X =jxZ,=—j—, Co——t
2 fXZ, @C WXZ,
L= _461nH < jB = jbY, =J—b=—ji, =%
27 fb Z, ol b
) 2.61pF
Zy=100 €2 46.1 nH % ézﬁzoo —j100 Q
Solution 2
(b)
\\\
0.75 \
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FIGURES.3 Continued. (b) The two possible L section matching circuits. (c) Reflection.



coefficient magnitudes versus frequency for the matching circuits of (b).
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gap capacitor tmetal capacitor

5.2 SINGLE-STUB TUNING

- Single open-circuited or short circuited length of transmission line
(a “stub”), connected either in parallel or in series with the
transmission feed line at a certain distance from the load
=>» The shunt tuning stub is especially easy to fabricate in microstrip

or stripline form.

- Shunt-stub case
YL — Yo +jB using trasmission line having length d

— Yo using trasmission line having length |



- Series-stub case
Z. — Zop+ )X using trasmission line having length d

— 7o using trasmission line having length |

Open or
shorted
stub
(@)
I d |
2 -~
K
Openor | Z, I |
shorted l Z _1
stub SP e h'd
(b)

FIGURE 5.4 Single-stub tuning circuits. (a) Shunt stub. (b) Series stub.

- 214 transmission line with a shunt stub

- Open-circuited stubs are easier to fabricate since a via hole through

the substrate to the ground plane is not needed.



Shunt Stubs

[EX. 5.2] Single-Stub Shunt Tuning

-Z=15+j10Q,f=2 GHz

- Design two single-stub shunt tuning networks to match this load to
a 50 Q line.

- Plot the reflection coefficient magnitude from 1 GHz to 3 GHz for

each solution.

Solution

-2.=0.3+j0.2

- SWRcircle

- Convert to the load admittance, y..

- SWR circle intersects the 1 + jb circle at two points, denoted as y1
and y in Figure 5.5a. — d; ord,

- dy = (0.328 — 0.284)4 = 0.044 /
dz = {(0.5 - 0.284) + 0.171}1 = 0.387 4

- The matching stub is kept as close as possible to the load, to
improve the bandwidth of the match and to reduce losses caused by
a possibly large standing wave ratio on the line between the stub
and the load.

-y1=1-j1.33, y>=1+j1.33



-1,=0.147 12 for jb=j1.33
l,=0.3531 for jb=-j1.33

0.284

| 0.044 3
] "

0.387 A
15 150
50 Q 50 Q2 50 Q 50 Q
0.796 nH 0.796 nH

7

50 €2

50 €2

0.147 A

Solution 1 Solution 2

(b)
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FIGURE 5.5 Solution to Example 5.2. (a) Smith chart for the shunt-stub tuners. (b) The
two shunt-stub tuning solutions. (c) Reflection coefficient magnitudes versus
frequency for the tuning circuits of (b).

- Derivation of formulas for d and |
ZL=1/Y =R+ jXL

Impedance Z down a length, d, of line from the load:
_ 5 (Re+ X))+ jZ4t
=127, . .
Zo+ J(R+ JX )t
where t = tan £d

(5.7)

Y:G+jB=l
VA
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where G =

2
RUA)  5ga) =L
R+ (X +Z,t) Z,

B = th — (Zo _ XLt)(XL + Zot)
Zo[RE + (X +Zgt)’]

(5.80)

d (which implies t) is chosen so that G = Yo =1/ Zg
Z,(R —Z )t —2X, Zt+(R Z,—R*=X?)=0

X ERIZ -R)+ X Z,
RL_ZO

, forR . #Z, (5.9

If RL = Zo, thent = -X_ / 2Z,.

If RL # Zo,
t=tan,8d=tan@
A
' 1 _l
d —tan™t, fort>0
a_)er (5.10)
A

zi(yz +tan~'t), fort<O.

"

To find the required stub lengths, Bs = -B.
1) For an open-circuited stub,
JBs = jYotanpl, = jYotan(2zlo/1) =- |B

b~ L o 1[EJ - “Lian {Ej (5.11a)
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2) For a short-circuited stub,
JBs = -jYocotpls = - jYocot(27ls/A) = -|B
L _ “Lian| Yo |2 itanl(Y—Oj (5.11b)
A 2z ) 2z B

=>If the lengths (o, Is) are negative, 4/2 can be added to give a

positive result.

Shunt Stubs

[Ex. 5.2] Single-Stub Series Tuning
-Z. =100 +j80 Q, f=2 GHz
- Match a load to a 50 Q using a single series open-circuited stub.
- Plot the reflection coefficient magnitude from 1 GHz to 3 GHz for
each solution.
Solution
-21=2+j16
- SWRcircle
- The SWR circle intersects the 1 + jx circle at two points, denoted
as z; and z».
- The shortest distance, d1, from the load to the stub:
di =(0.328 - 0.208) A =0.120 1
The second distance:
dz = {(0.5 - 0.208) + 0.172} 4 = 0.463 1

13



-21=1-j1.33, z2,=1+j1.33
-1,=0.397 14 for jx=j1.33 (open stub)
l,=0.1031 for jx=-j1.33 (open stub)

0.147 < 0.25+ 0.147 = 0.397

o /‘ 0172

0.284

' \\ 0328

~ //

(@  0.353 —0.353-0.25 = 0.103

50 10.397A 50 10.103A

100 © 100 ©
50Q 50 Q 50Q 50 Q
6.37 nH 6.37 nH

— 0.1200 —> N 0.463\ —
Solution 1 Solution 2

(b)
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FIGURE 5.6 Solution to Example 5.3. (a) Smith chart for the series-stub tuners. (b) The
two series-stub tuning solutions. (c) Reflection coefficient magnitudes versus frequency for

the tuning circuits of (b).

- Derivation of formulas for d and | for series-stub tuner

YL:1/ZL:GL+jB|_

Impedance Y down a length, d, of line from the load:

Y :YO (GL + JBL) + JtYO (512)
Yo+ JU(G_+ JB)

where t=tanpd, Y, =1/2Z,

Z=R+jX=2
Y

G (L+17) (5.13) = —
Y

where R=-— 5
GL + (BL +Y0t) 0

15



y _ Glt= (Yo —tB )(B, +1Yy)

: : (5.13b)
Yo[GL + (B +Yo1)°]

Now d (which implies t) is chosen so thatR =Zp =1/ Y.
Y, (G, =Y )t* —2BY,t+(G,Y, -G -B’) =0
< Eq.(5.13a) =1/Y,

B, +/G.[(Y, - G.)* + BI1/Y,
G, -V,

t=

, forG, #Y,

If GL =Yy, thent=-B_/ 2Y,.
If GL# Yo,

t:tanﬁd:tan%

-

itan‘lt, fort>0

d_J2z (5.15)

i(7z +tan”'t), fort<O.
27

To find the required stub lengths, Xs = -X.
1) For a short-circuited stub,
JXs = JZotanpls = jZotan(2zls/A) = -jX

16



2) For a open-circuited stub,
JXs = -JZocotpl, = -jZocot(2xlo/A) = - JX

o o =Liany Zo |2 Lg% (5.16b)
1 2r X 27 X

S

=>If the lengths (lo, Is) are negative, A/2 can be added to give a

positive result.

5.3 DOUBLE-STUB TUNING

- Disadvantage of single-stub tuning: requiring a variable length of
line between the load and the stub.

=» Difficult if an adjustable tuner was desired

r’f_"‘l

LI B T2

R
211 01

Open 01
l short !

Open 01

short |

Open 01

short ¢

V

€) (b)

FIGURE 5.7 Double-stub tuning. (a) Original circuit with the load an arbitrary distance
from the first stub. (b) Equivalent circuit with load at the first stub.

q]1o1t
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Smith Chart Solution

- The susceptance of the first stub, by (or bs’, for the second solution),
moves the load admittance (y. = go + jb) to y1 (or y1’).
- The amount of rotation is d wavelengths toward the load
— Transforming y1 (or y1’) to y2 (or y2’): 1 + jb circle
- The second stub then adds a susceptance b (or b2’), which brings

us to the center of the chart, and completes the match.

Rotated
1+jb
circle

circle

Forbidden
region

FIGURE 5.8 Smith chart diagram for the operation of a double-stub tuner.
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[Ex. 5.4] Double-Stub Tuning

- Design a double-stub shunt tuner to match a load impedance Z, =
60 - j80 Q to a 50 Q line at 2 GHz.

- The stubs are to be open-circuited stubs, and are spaced A/8 apart.

- Plot the reflection coefficient magnitude versus frequency from 1 ~
3 GHz.

=2y =03+j0.4

By moving every point on the g = 1 circle 4/8 toward the load, we
then find the susceptance of the first stub, which can be one of
two possible values: by =1.314 or b;” =-0.114

— y,=1-)3.38 or y,*=1+])1.38

Susceptance of the second stub: b, = 3.38 or by’ =-1.38

Lengths of the short-circuited stubs are then found as,
1 =0.146 4, 1,=0.482 4,
or 117=0.2044, 12°’=0.35041

19



Rotated
1+ jb

circle

| - 90° rotation
- Of unit circle

(@)

«—— A/8 - 600
50Q 50 _’_ 0.995pF 50 {/ 50 Q /_M/\;: 0.995 pF

0.146A 0.4824 0.350A

4 24

Solution 1 Solution 2

(b)
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FIGURE 5.9 Solution to Example 5.4. (a) Smith chart for the double-stub tuners. (b) The
two double-stub tuning solutions. (c) Reflection coefficient magnitudes

versus frequency for the tuning circuits of (b).

Analytic Solution

- Load admittance with the first stub:
Y, =Y +]B =G + (B +B) (5.17)

- Admittance just to the right of the second stub:

v —Y G, + j(B, +B,+Yqt) (5.18)
* Y, +jt(G, + B, + jB)

where t=tangd, Y, =1/Z2,

- Re(Yz) =Yo:

21



1+t®  (Yo—Bit-B)" _

G?-G.Y, t2 = 0 (5.19)
2 2 _ B 2
G =Y, 1 1 A BE=BDT g o)
2t Y, (1+17)
- Since G is real,
2 2
0< 4t (Y, — B t—Bt) <1
Y7 (L+t%)?
2
= 0<G, €Y, 1+t Yo (5.21)

2 sin?/d

- After d has been fixed, the first stub susceptance can be determined
from (5.19) as:

Yo + /(1 +12)G,Y, - G2t

B,=-B, t (5.22)
- sz = -j|m(Y2)Z
+Y,./Y,G, (1+t*)-Gt* +G,Y,
B, = VoG +G)t R )
L

. 1. (B
- Open-circuited stub length: Z:Etan (E] (5.24a)

22



-1 (Y
- Short-circuited stub length: :Etan 1(§0j (5.24b)

Where B =By, B>

5.4 THE QUARTER-WAVE TRANSFROMER

- Asingle-section A/4 transformer: narrow band impedance match

A multi-section A/4 transformer: broad band impedance match

- One drawback of the quarter-wave transformer: match a real load

impedance.

| I |

- [

Z, Zy % Zi(real)

I L

FIGURE 5.10 A single-section quarter-wave matching transformer. 1=40/4 at the design
frequency fo.

Z,=7,Z, (5.25)

where | = 1o/4 : electrical length at operating frequency, fo.
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- Input impedance seen looking into the matching section:
7 -z L4t (5.26)
Z, + )2t

where t=tangland fl =0 =7x1/2

- Reflection coefficient:

_ Ly — <, _ Zl(ZL _Zo)+ jt(212 _ZOZL)
Zo+Zy  Zi(Z,+Zo)+ jt(Z] +Z,Z,)
«27l=2,Z,

(5.27)

ZL_ZO

T Z.+7,+j2tZ.2,

- Reflection coefficient magnitude:
-
[(Z +Z,)° +4t°Z,Z, T"

I

(5.28)

1
— {[(ZL + ZO)/(ZL _ZO)]2 +[4tZZoZL /(ZL _Zo)z]}l/z

1
C{+[42,Z, (Z, - Z,)21+[4Z,Z 1 (Z, — Z,)° 1}
0~=L L 0 0 0

1
- {1+[42,Z, (Z, —Z,)*]sec? G}

(5.29)

(- 1+t*=1+tan’ @ =sec’ O)
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- If the frequency is near the design frequency, fo, then | = 1o/4 and &

~ /2. Then sec26 >> 1.

e 2

2./2.,Z,

cosg|,  for 6 near /2 (5.30)

|
T—0 T 0=pl

FIGURE 5.11 Approximate behavior of the reflection coefficient magnitude for a single-
section quarter-wave transformer operation near its design frequency.

- If we set a maximum value, I'm,, of the reflection coefficient
magnitude that can be tolerated, then we can define the bandwidth

of the matching transformer as

A@:%%—@J (5.31)
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cosf, = ——= (5.32)
1/1_F; ‘ZL -2,
- If we assume TEM line,
v
0= = 2V, _ af
v, 4f, 2f;
¢ 20 f,
m T
- Fractional bandwidth:
Af _ 2(f,—f.) :2_2fm :2_46?m
f, f, f, T
2.12.2
_2- 2 ost| —Lm L (5.33)

T 1/1—1_‘ri ‘ZL_ZO‘

FIGURE 5.12 Reflection coefficient magnitude versus frequency for a single-section
quarter-wave matching transformer with various load mismatches.
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- When non-TEM lines (such as waveguides) are used, the
propagation constant is no longer a linear function of frequency,

and the wave impedance will be frequency dependent.

- The effect of reactances associated with discontinuities of

transmission line must be considered.

[Ex. 5.5] Quarter-Wave Transformer Bandwidth
Design a single-section quarter-wave matching transformer to match

a 10 Q load to a 50 Q line, at fo = 3 GHz. Determine the percent
bandwidth for which the SWR < 1.5.

Z, =+/Z,Z, =+/(50)(10) = 22.36 O

The length of the matching section is /4 at 3 GHz.
~_SWR-1 15-1
" SWR+1 15+1

Fractional bandwidth:

Af24

L 2JZ,Z,
fo w/l rz‘z _Z‘

Al 02 2/E0)@0)
7 J1-(0.2)> [10-50)

=0.29 or 29%.
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5.5 THE THEORY OF SMALL REFLECTIONS

- Theory of small reflections: total reflection coefficient caused by

the partial reflections from several small discontinuities

Single-Section Transformer

- Derivation an approximate expression for the overall reflection

coefficient I

FIGURE 5.13 Partial reflections and transmissions on a single-section matching
transformer.

I = Z,-4, (5.34)
Z,+Z,
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r,=-T, (5.35)

[, = Z-Z5 (5.36)
Z +7Z,
T,=1+0=—2%2  (537)
1 + 2
T,=1+T, = 22, (5.38)
1 + 2

- Expression of the total reflection as an infinite sum of partial
reflections and transmissions:

=T, +T,T,,e?? +T,T,I T,e*’+

=0, +T,T, e 21‘92r e (5.39)

n=0
- Using the geometric series and small reflection condition,

ix” —, for |x/<1
n=0 ]-__

T,T,I,e?”

F=r+ Lo (5.40)

«I,=-I, T, =1+1, T, =1+T1, =1-1;
[ -LOLLe " +(1-T)Q+T,)Le 2
1+, e
-2j0
2 hrle (5.41)
1+ e™!
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r=rI,+T,e?" (5.42)

- Intuitive ideas:

1) The total reflection is dominated by the reflection from the
initial discontinuity between Z; and Z; (I'1), and the first
reflection from the discontinuity between Z, and Z,_ (I'se%?).

2) The e%Y term accounts for the phase delay when the incident

wave travels up and down the line.

Multi-Section Transformer

- N equal-length (commensurate) sections of transmission lines.

| o | o—=| f— 6—]
C— -—
Zy ..b Z, Z, VAN Zr
C— —
_ ) ) -—)
ro rl r2 rZ\I

FIGURE 5.14 Partial reflection coefficients for a multisection matching transformer.

- Derivation an approximate expression for the total reflection
coefficient T.
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Zl_ZO

I, = , 5.43a
°Z,+2, ( )
) :M’ (5.43b)

Zn+l+zn
\ :ﬁ. (5.43c)
L +Z,

- Assumptions:

1) All Z, increase or decrease monotonically across the transformer,
2) Zy is real.

=T >01if Z, >Z,
I <0if Z, <Z,

- Overall reflection coefficient;

[@)=T,+Te? +T,e* +...4T 2N  (5.44) «(5.42)

- If the transformer be made symmetrical, so that I'o = I'y, I'1 = I'n-,
I’ = I'n-2, etc. Then (5.44) can be written as;

[(6) =e M{T,[e™ +e M+ L[e!™ 7 +e 121} (5.45)

Where if N is odd, the last term is T'-1y2(€%+e7%), while if N is

even the last term is I'nyo.
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I'(6)=2e ™[I,cosNG+T,cos(N —2)8+...+T, cos(N —2n)d

+...+%FN,Z] for N even (5.46a)

I'(0) =2e ™[I, cosN@ +T, cos(N —2)8 +...+ T, cos(N —2n)é
+eo 4+ 1y, COSO] for N odd (5.46Db)
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