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Abstract - This paper presents a design of negative 

group delay (NGD) circuit with enhanced 

bandwidth using the finite unloaded quality factor 

(Qu) resonators at microwave frequency. Unlike 

the conventional NGD topologies, the proposed 

NGD circuit does not require any external resistor 

to generate NGD. The proposed circuit is 

synthesized using coupling matrix with finite Qu. 

Analytical design expressions are provided to 

obtain predefined NGD with matched 

input/output ports. To enhance the NGD 

bandwidth, the NGD circuits with slightly 

different center frequencies are cascaded. The 

measurement results are in good agreement with 

the simulations and predicated theoretical results. 

Index Terms - Abnormal negative group delay 

velocities, coupling matrix, finite unloaded quality 

factor resonators, negative group delay circuit. 

I. INTRODUCTION 

Frequency-dependent group delay (GD) is 

inversely proportional to group velocity and can 

be examined by the phase (φ) variation of a 

forward transmitting scattering parameter. 

Mathematically, the GD is defined by the 

differential-phase relation as (1). 

  g

d

d





  .     (1) 

Using (1), the presence of negative group delay 

(NGD) in a medium is equivalent to increasing 

a phase (positive slope) with a frequency. 

Therefore, the NGD refers to the phenomenon 

whereby an electromagnetic wave traverses a 

dispersive material or electronic circuit in such a 

manner that its amplitude envelope is advanced 

through media rather than undergoing delay [1]. 

However, this phenomenon does not violate a 

causality, since the initial transient of the pulse 

is still limited to the front velocity that does not 

exceed the speed of light in a vacuum [2]. The 

effect of NGD is observed within a limited 

frequency band when the absorption or 

attenuation is at a maximum. 

The NGD circuits have applied in various 

practical applications in communication systems, 

such as shortening or reducing delay lines, 

enhancing the efficiency of feedforward linear 

amplifiers, designing broadband and constant 

phase shifters, the realization of non-Foster 

reactive elements, and minimizing beam-squint 

in series-fed antenna arrays [3]-[5].   

In a microwave regime, the NGD circuits have 

been designed using lumped elements and 

distributed transmission line resonators along 

with the resistor (R) because the NGD cannot be 

exhibited without R [3]-[9]. Moreover, the 

conventional NGD circuits suffer from high 

signal attenuation (SA), smaller NGD 

bandwidth, and worse magnitude (S21) flatness. 

While a few works have been performed for 

reducing SA [6]-[8], these works still suffer 

from small NGD bandwidth and the magnitude 

flatness problem. To overcome these problems, 

researchers have attempted to design NGD 

circuits using different methods such as cross-

coupling between resonators [8], increasing the 

number of resonators [10] and transversal-filter 

topologies [11]. On the other hand, these works 

showed very high SA (> 28 dB for -1 ns). 

Moreover, except for the work of [11], these 

NGD circuits also used R for generating NGD, 

which prevents fully distributed circuit 

realization. 

This paper presents the design of a fully 

distributed NGD circuit with predefined NGD, 

good magnitude flatness, and wide NGD 

bandwidth. The design method is based on a 

coupling matrix along with finite unloaded-

quality factor (Qu) resonators. This proposed 

topology does not require any R for generating 

NGD, or any extra network for matching 

input/output ports with reference termination 

impedances. Therefore, the proposed work 

allows fully distributed transmission line circuit 

realization. 
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Fig. 1. Coupling diagram of the proposed negative group 

delay circuit.   

 

II. DESIGN EQUATIONS 

Fig. 1 shows the coupling diagram for the 

proposed NGD circuit where both external 

couplings (MS1 and ML2) are equal. Similarly, the 

resonator self-coupling values, the source-to-

load (MSL) coupling, and the load-to-source 

coupling (MLS) have the same magnitude. With 

a finite Qu of resonators, the (N + 2) × (N + 2) 

coupling matrix of the generalized second-order 

filter [12] corresponding to the coupling 

diagram shown in Fig. 1 is given as (2). 
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where the subscripts S, L, 1, 2, and Δ correspond 

to the source, load, the first resonator, the second 

resonator, and 3-dB fractional bandwidth, 

respectively.  
  
Furthermore, the reflection (S11) and 

transmission (S21) responses corresponding to 

the coupling relationship (2) are given as (3), 

where  0 01         is the normalized 

frequency in rad/s [13]. 
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Fig. 2. Calculated S-parameters of negative group delay 

circuit.  

where ω and ω0 are the operating and center 

angular frequencies of the NGD circuit. For the 

matched input/output ports, S11 in (3a) is set to 

zero at ω = ω0 to find the relationship between 

MSL and MS1 with the assuming M12 = aMS1
2, 

where a is any real positive value. For an 

arbitrary value of MS1, the relationship between 

MSL and MS1 for the matched input/output ports 

at ω = ω0  can be found with (4).  
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Furthermore, using (3b), the GD of the proposed 

NGD circuit can be calculated as (5), where MSL 

can be obtained from (4) for the matched 

input/output conditions at center frequency f0. 
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To illustrate the above design equations, the 

calculated responses of the proposed NGD 

circuit are shown in Figs. 2 and 3 for different 

values of the coupling matrix. As observed from 

Fig. 2, the input/output ports are matched at ω0. 

Similarly, from Fig. 3, S21 is increased as M12 

increases toward a higher value. Moreover, the 

maximum GD at ω0 and the NGD bandwidth 

(which is defined as bandwidth when GD < 0) 

are also increased when M12 is changed as shown 

in Fig. 3 implying the need for controlling the 

coupling between resonators 1 and 2. Therefore, 

a strong coupling is required for a wider NGD 

bandwidth. However, this decreases the 

maximum NGD at ω0. 
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Fig. 3. Calculate phase/group delay responses of negative 

group delay circuit with MS1 = 0.74, Qu = 50 and Δ = 2%.  

 
Fig. 4. Coupling diagram of the cascaded 2-stage negative 

group delay circuit for bandwidth enhancement.  

 
Fig. 5. Calculated group delay/magnitude responses of 

negative group delay circuits. 

Fig. 4 shows the coupling diagram of the 

proposed NGD circuit for bandwidth 

enhancement, where two NGD circuits with 

slightly different center frequencies are 

cascaded. Fig. 5 shows the calculated 

GD/magnitude responses of cascaded circuit. As 

seen from this figure, the proposed cascaded 

NGD circuit with slightly different center 

frequencies provides wider NGD bandwidth as 

compared with 1-stage and conventional NGD 

circuits. However, the SA is slightly higher than 

1-stage and conventional NGD circuits. 

Therefore, trade-off exists between NGD 

bandwidth and SA.  

Fig. 6. EM simulation layout of fabricated negative group 

delay circuit. Physical dimensions: L0 = 6.8, L1 = 12.3, L2 

= 17.4, L3 = 13.8, L4 = 1.5, L5 = 19.9, L6 = 18.6, L7 = 12.1, 

L8 = 12.8, L9 = 17.2, L10 = 18.2, L11 = 1.4, W1 = 1.8, W2 = 

3.8, W3 = 1.8, g1 = 0.6, and g2 =6. (Unit: mm).  

 
Fig. 7. Photograph of fabricated circuit.  

  

Fig. 8. Measured group delay/magnitude results of the 

fabricated circuit.  

III. SIMULATION AND MEASUREMENT 

RESULTS  

To experimental demonstration, the NGD 

circuit with GD of -0.5 ns was designed and 

fabricated at f0 = 2.16 GHz on an FR-4 epoxy 

substrate with a dielectric constant (εr) of 4.4, 

thickness (h) of 0.787 mm, and loss tangent of 

0.02. For enhanced NGD bandwidth, two NGD 

circuits were designed at f01 = 2.125 GHz and f02 

= 2.18 GHz, respectively and cascaded. The 

coupling matrix of NGD circuits is given as MS1 

= 1.01, M12 = 1.3261, MSL = 1.3307 with Qu = 40 

and Δ = 2%. 
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Fig. 9. Measured group delay/magnitude results of the 

fabricated circuit.  

The resonators were implemented with an 

open-circuited λ/2 transmission line. Similarly, 

coupling between the source and load is 

implemented with a step-impedance 3λ/4 line. 

The EM layout and photograph of the fabricated 

circuit are shown in Figs. 6 and Fig. 7.   

Fig. 8 shows the simulated GD/magnitude 

results of enhanced NGD bandwidth circuit. The 

simulated GD and magnitude at f0 = 2.16 GHz 

are given as -0.516 ± 0.06 ns and -5.964 dB, 

respectively. Similarly, the measured results of 

fabricated circuit are shown in Fig. 9. From the 

experiment, the values of magnitude and GD at 

f0 = 2.16 GHz are determined as -6.25 dB and -

0.583 ± 0.08 ns, respectively. The NGD 

bandwidth is determined as 100 MHz, providing 

NGD-bandwidth product of 0.0583. The 

input/output return losses at f0 = 2.16 GHz are 

greater than 15 dB. 

 

IV. CONCLUSION 

In this paper, we investigated a 

comprehensive method to design a negative 

group delay circuit with enhanced bandwidth 

and magnitude flatness based on a coupling 

matrix along with finite unloaded-quality factor 

of resonators. Analytical design equations are 

provided to calculate the coupling matrix with 

the predefined negative group delay. The 

advantage of the proposed circuit topology is 

that circuits do not need any additional lumped 

elements and therefore are very suitable for high 

frequency, in which lumped elements are not 

obtainable. The design theory is validated by 

fabricating a circuit at the center frequency of 

2.16 GHz. The proposed circuit can be applied 

in various applications such as the realization of 

a non-Foster reactive element and series-fed 

antenna arrays for minimizing the beam-squint 

problem.  
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